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Abstract. The homogeneous bosonic Nordheim equation is a kinetic equation describing the 
dynamics of the distribution of particles in the space of moments for a dilute homogeneous quantum 
gas composed of bosons. We show the existence of classical solutions of the homogeneous bosonic 
Nordheim equation that blow up in finite time. 
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1 Introduction 

The dynamics of the distribution of particles in the space of moments F {t,p) for a dilute homo- 
geneous quantum gas of bosons can be described by the Nordheim equation: 

dtFi^ [ [ [ q{F)M(fp2d?Pzd?Pi, Pi € IR^ t > 0, (1.1) 

JR3 JR3 Js? 

Fi{0,p)^Fo{p) , PleM^ (1.2) 

q{F)^q3{F)+q2{F), e = (1-3) 
M ^ M ipi,P2;P3,P4) = S{pi+ P2 -P3 -Pi)S (ei + £2 - €3 - €4) , (1.4) 

93 {F) = FsFi (Fi + F2) - FiF2 (F3 + F4) , (1.5) 
92 {F) = F3F4 - F1F2, (1.6) 

where we use the notation Fj = F {t,pj) , j € M'^. The system of units has been chosen in order 
to have particles with mass equal to one. This system of equations was formulated by Nordheim 
(cf. [13]). One of the main reasons that explain why this system has been extensively studied in 
the physical literature is because it has been considered by several authors as a convenient way to 
approximate the dynamics of formation of Bose-Einstein condensates. 

The system (|l.ip - (|1.6p can be thought as a generalization of the classical Boltzmann equation 
of gas dynamics. The main difference between both types of equations is the presence of the terms 
Q3 (F) (cf. (jl.Sp ). These terms are cubic in the distribution of particles F in spite of the fact that 
only binary collisions are taken into account in the derivation of (jl.ll) - (jl.6p . The reason for the 
onset of the cubic terms qs (F) in (jl.ip is that the counting of the number of collisions yielding 
the evolution of F must be made using Bose statistics, instead of the classical statistics which is 
used to compute the number of collisions among different types of particles, in the derivation of 
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Boltzmann equation (cf. |14) . |23|). From the physical point of view it is possible to acquire an 
intuitive picture about the quantum statistical effects assuming that the phase space is divided in a 
family of small macroscopic domains, but large enough to accomodate a large number of quantum 
cells with a volume of the order of the cube of Planck's constant. The distribution function F can 
then be characterized by the occupation numbers of each macroscopic cell. In the bosonic case the 
the wave function describing the whole system must be symmetric with respect to permutations of 
all the particles. The main consequence of this is that computing the number of collisions between 
particles Bose-Einstein statistics must be used instead of classical statistical distributions. If we 
choose the units of length and momentum to have as F the total number of occupied states in a 
given cell with respect to the total number of quantum states admissible in such a cell, it turns 
out the the rate of change of the number of occupied states at a point pi , due to interactions with 
particles in [p2,P2 + d^P2] and yielding particles with moments [p3,P3 + (fips] , [pajPa + (Ppi] 
respectively, is given by: 



with A4 as in (jl.4|) . and where we have also assumed that the unit of time has been choosen in 
order to obtain relevant changes of F in time scales of order one. 

The presence of the terms (F) in produces important differences between the behaviour 
of the solutions of the Nordheim equation and Boltzmann equation. One of the main differences 
between the dynamical behaviour of the solutions of both equations is that, as we will prove 
in this paper, there exist solutions of the Nordheim equation which are initially bounded and 
decay sufficiently fast at infinity to have finite energy but become unbounded in finite time. This 
behaviour is very different from the behaviour of the solutions of Boltzmann equation. Indeed, T. 
Carleman proved already, (cf. [1]), that the solutions of the homogeneous Boltzmann equation, 
with the cross section associated to hard spheres interactions, and initial data bounded by — t-twt 



with 7 > 3 are globally defined and bounded in time (see [32^ for a more detailed discussion on that 
subject). In this paper we will show the existence of a large class of solutions of (|l.ip - (jl.6p which 
satisfy similar boundedness conditions for large values of \p\ but become unbounded for finite p. 

Blow up in finite time for the solutions of (|l.ip - (|1.6l) has been conjectured in the physical 
literature on the basis of numerical simulations and physical arguments (cf. [H], [TB], [H], [T5] . 
[37], [55]; [SI])- These studies are restricted to spherically symmetric distributions F. According to 
the numerical simulations in those papers, many solutions of (|l.ip - (jl.6p which are initially bounded 
develop a singularity in finite time at p = 0. The behaviour of this solution at the time of the 
formation of the singularity can be described by means of a power law The time T where 
such blow up takes place is usually considered to be the time at which a Bose-Einstein condensate 
is formed. According to the numerical simulations in [TB], [27], the number of particles at the 
value p = at the time i = is zero, due to the integrability of the singularity there. However, 
the scenarios for the evolution of the distribution function F suggested in [TS], [TB], [17], [35] 
indicate that for times t > T a, macroscopic fraction of particles appears at the point p = 0. In 
mathematical terms, the distribution F becomes for times t > T & measure containing a Dirac 
mass at p = 0. Kinetic equations describing the joint evolution of distribution functions in the 
presence of a condensated part have also been also obtained in several other articles of the physical 
literature using different types of physical approximations (cf. [I], [B], [TU], [S], [IS], [3D], [55]V 

The different behaviour for the solutions of the Boltzmann and Nordheim equations is due 
to the presence of the cubic terms [F) in (|l.ip . i.e. the terms not included in the classical 
Boltzmann equation are a consequence of using the Bose-Einstein statistics. These terms are the 
dominant ones for large densities, and they are the ones yielding blow-up for F. 

The cross section that appears in (|l.ip - (jl.6p is constant for all the collisions preserving mo- 
mentum and energy. This is the cross section commonly used in the physical literature and it is 
usually justified on the basis of the so-called Born approximation. The underlying idea behind 
this approximation in the simplest case is the following. It is assumed that at the fundamental 
level the system of quantum particles can be described by a hamiltonian of the form H = Hq + Hi 



M [FsFi {1 + Fi+ F2) - F1F2 {I + F3+ F4)] <fp2(f'P3dP: 
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where Hq is the hamihonian describing a noninteracting system with N particles. The term Hq 
can include also some confining potential or equivalently some boundary conditions ensuring that 
the particles remain in a bounded region. The eigenvectors of Hq can be labelled by means of a 
set of variables, and the macroscopic states will be defined assuming that a large number of these 
states are contained in each of them. On the other hand, the term Hi is typically a pair interac- 
tion potential which consists in the sum over all possible pairs of particles of energy interactions 
induced by a potential V. The kinetic description given by Nordheim equation is expected to be a 
good approximation of this quantum system if the number of particles N tends to infinity and the 
interaction potentials and typical particle energies are rescaled in a suitable way. However, no rig- 
orous derivation of Nordheim equation taking as starting point a Hamiltonian system is currently 
available, although there exist some partial results in this direction (cf. [26]). 

Born's approximation allows to obtain the transition probabilities between two given states 
of the system. The applicability of this approximation requires to have an integrable interaction 
potential between particles V whose range of interaction is much shorter than the characteristic 
De Broglie length associated to the particles of the system. However, the constancy of the differ- 
ential cross section in the center of mass system also takes place in some cases in which the Born 
approximation is not strictly valid, for instance for hard spheres with a radius much smaller than 
the characteristic De Broglie length of the system (cf. for instance jT^j). 

It is clarifying to rewrite (|l.ip in the center of mass reference system. This allows to obtain a 
precise geometrical interpretation of the meaning of Born's approximation. Notice that we assume 
that the mass of particles is one (see the formula for e in (jl.3p ). In order to perform some of the 
integrations in we use the change of variables (^2,^3,^4) iP2, P, Q) where: 

p_P3+_P4 ^ _ P3-P4 _ {P3- P) - {P4 - P) 

2 ' ^" 2 2 

Notice that since the mass of the particles has been normalized to one, P is the velocity of 
the center of mass of the system. On the other hand Q is a vector along the direction connecting 
the vectors ps and p^. This vector is invariant under change of reference system. It will provide a 
measure of the deviation of the vector connecting the directions in the center of mass system. 

Notice that: 



S [Pi +P2 - P3 - Pi) ■ S (ei -I- £2 - £3 - £4) = (5 {pi +P2~ 2P) S 



{pi-P2f ^2 



d^Psd^Pi = 2^d^Pd^Q. 
We also write Q in spherical coordinates and write P3,Pi in terms of P, Q : 

Q^\Q\u with ueS^ , ps^P + Q , pi = P-Q. 

Then, after some computations we can rewrite (II. ip as: 

dtFi^S / q{F)\ |^|_ bi-.,i \Q\d^p2d^u;. 

It becomes apparent from this formula that for any incoming direction p2 colliding with pi the 
conservation of energy in the center of mass system implies \Q\ = and the direction of the 

vector Q is chosen as a homogeneous probability measure in the unit sphere S^. This choice of the 
direction of the outgoing particles by means of a uniformly distributed measure in the space of all 
directions is the main distinguished feature of Born's approximation. 

It is relevant to mention that from the physical point of view, the stationary solutions of (jl.ip . 
(|1.3p - (ll.6p might be expected to be the Bose-Einstein distributions: 

fe.(rt = ™.*b-„) + -^^^^^i^^ (1.7, 
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where toq > 0, /3 € (0, oo] , < a < oo and a ■ toq = 0, po G K'^. Notice, however that the precise 
sense in which the measures Fbe are stationary solutions of (|1.3p - (ll.6p is not clear, because 

the right-hand side of (jl.ll) is not well defined for measures containing Dirac masses. There are 
several possible ways of justifying that the measures Fbe in (|l-7p are, at least in some sense, 
steady state distributions of (jl.ip . (jl.3p - (|1.6p . First notice that q (Fbe) = 0, with q (•) as in (jl.Sp . 
(jl.6p . Nevertheless this argument must be taken with some care, because the in general is not 
possible to define the right-hand side of (jl.ip for more general measures containing Dirac masses. 
Another way to see that the distributions Fbe must play the role of the stationary solutions for 
(|l.ip . (|1.3p - (jl.6p is to notice that these distributions are maximizers of the entropy associated to 
the system for a given value of the number of particles and energy. More precisely, the entropy for 
unit of volume of a homogeneous system of bosons with distribution function F in the space p is 
given by: 

y" [(1 + F) log + Flog (1.8) 

This functional is increasing along the solutions of (ll.ip . (|1.3p - (|1.6p . On the other hand 
it can be seen that the maximizer of the functional (jl.8l) with the constraints / F {p) (Pp = 

M, J F {p)p(Pp = po, J F {p) ^-^d^p — E is given by the distribution Fbe (cf. [II])- 
We will restrict our analysis in the following to isotropic distributions. Therefore: 

F{t,p) ^ F(t,np) , neSO{3), peR^ , t>0. 

It then follows that there exists a function f — f {e, t) where e is as in (jl.3p such that: 

f{t,e)^F{t,p). 

Given a spherically symmetric solution of p.lD - (jl.6p it is possible to write an equation for 
f{t,€). (see [28] for details). We first use the formula 

S{pi +P2-P3- pa) = I e^'=-(f 

(27r) JR3 

which is valid in the sense of distributions. We next write p2, ps, Pi as well as k using spherical 
coordinates. Integrating the angular variables, (jl.ll) becomes: 



/•oo /"OO /"OO 

dtfi = 327r / / I Dq{f)5 (ei + e2 - ea - £4) de2dezdeA 
Jo Jo Jo 



(1.9) 



where: 
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l[sm{\p,\X) 



dX 



This integral can be explicitly computed by means of elementary arguments. Using the fact 
that + |p2|^ = bsl^ + \P4\^ which is due to the presence of the Dirac mass in (|1.9p it follows 
that (cf. 

u 

D = -min{^, ^£2, 
whence, integrating the Dirac mass with respect to the variable £2 we obtain: 

0^2 roo /•oo 

dJ,^-^J^ io (1.10) 

where: 

min{y/?r, V^, Vei, V^} , 

W= ^^--=r^ £2=e3 + £4-£l, (1.11) 
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and q (•) is as in (jl.3p with £2 £3 + £4 ^ £i- 

It is worth to notice that / (t, e) is not a particle density in the energy space. The density of 
particles in the energy space is actually given by: 

5(t,£)=47rV2^/(i,e). (1.12) 

We can rewrite (|l.lQp . (|l.lip using the density g : 

nOO POO / n \ 

dtgi = 32.3 / / _3 ^desde^, (1.13) 
Jo Jo V47rV2£/ 

$ = min {\/e7, ^£2, \/£3, V^} ' £2 = £3 + £4-£i- (1-14) 

In spite of the fact that / is not the density of particles in the space of energy, the formulation 
of the problem (|1.10p . (|l.lip is suitable in order to prove local well-posedness results for classical 
solutions. On the other hand, in order to understand phenomena like Bose-Einstein condensation, 
or in general any phenomenon characterized by the presence of a positive amount of particles near 
the origin, it is often more convenient to use the density of particles g. Indeed, in such a case the 
formation of condensates is characterized by the onset of a Dirac mass at e = 0. In this paper we 
will switch between both functions /, g depending on the question under consideration. 

Equation (|1.13p shows that Dirac mass distributions of g placed at the origin are too singular 
to yield a well defined right-hand side. Dirac masses at e = eo > are not a serious mathematical 
difficulty. However, it must be noticed that such measures, in the original set of variables p 
correspond to measures supported on the sphere \p\ = ^/2eo > 0. Many of the mathematical 
difficulties arising in the study of the equations (11.131) . (|1.14p have their root in the singular 
character of Dirac masses concentrated at the origin for these equations. 

Equation p. 101) , (|l.lip has been extensively studied in the physical literature, usually by means 
of numerical simulations (cf. [IS], [IS], [T7], [H], [37], [5S], [31]). However, there are not many 
rigorous mathematical results for this equation. A theory of weak solutions has been developed by 
X. Lu (cf. [IH], [10] J [II])- It has been proved in these papers that it is possible to define a concept 
of measure valued solutions for (|1.10l) , (11.111) and that at least one of such solutions exists globally 
in time for a large class of initial data. This solution converges in the weak topology of measures 
to the stationary state Fb e having the same mass as the initial data as t ^ 00 for long times 

(cf m)- 

Another class of solutions of (jl.lOp . (jl.lip has been constructed in [7], [8]. The solutions 
constructed in these papers are locally defined in time. They satisfy the equation in a classical 
sense for e > and have the singular behaviour / (t, e) ~ a (t) e~ e as e — for some function a (t) . 
The most relevant feature of these solutions is that they yield a nonzero flux of particles towards 
the origin. Therefore, the number of particles in the region {e > 0} is a decreasing function. It is 
not clear at the moment if the solutions in [7], [8] can be extended to the set {e > 0} in order to 
obtain some kind of mass preserving weak solution of (|1.10p , (|l.lip , but it has been proved in [5T] 
that they are not a weak solution of (|1.10p . (|l.lip in the sense of the dcflnition given in T^. 

A review of the currently available mathematical results for the solutions of (|1.10p . (jl.lip can 
be found in |29) . This paper discuss also the known mathematical properties and the expected 
behaviour for the function / (t, e) in the presence of condensate. 

In this paper we prove the existence of a large class of initial data for (|1.10p , (jl.lip for which 
there exist classical solutions defined for a finite time interval < i < T but becoming unbounded 
as i — > T. This blow-up result supports the scenario for the dynamical formation of Bose-Einstein 
condensates suggested in [TS] , [TB] , [21] , [2H] ; [U] . We now describe some of the main ideas used 
in the proof of this blow-up result. 

As a first step we need to prove local existence of classical solutions for the Cauchy problem 
associated to (|1.10p . (jl.lip with initial data decreasing like a power law for large e. This problem 
can be solved using the methods introduced by T. Carleman in his seminal work about the well 
posedness of the spatially homogeneous Boltzmann equation (cf. [3], [1]). Actually the main 
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difficulty proving local existence for (|1.10p . (jl.lip has more to do with the quadratic terms in (jl.6p 
than with the cubic terms (jl.Sp . The reason for this is that the main difficulty that must be solved 
both for Boltzmann and Nordheim equations in order to prove local well-posedness is to find a 
class of functions whose behaviour for large e is preserved in some suitable iterative scheme. For 
large values of e the dominant terms in the equation are the quadratic ones while the cubic terms 
can be treated as some kind of perturbation. It was found by T. Carleman that a suitable class of 
functions that allow to prove well-posedness by means of an iterative argument are the functions 
bounded as (^i^^p with 7 > 3. Actually this class of functions allows to prove well posedness even 
for nonspherically symmetric distributions. In the Boltzmann case, due to the conservation of the 
energy and the number of particles it is possible to prove global existence of solutions (cf. [3], [4]). 

The derivation of optimal decay estimates for the solutions of the homogeneous Boltzmann 
equation which allow to prove conservation of the energy of the system has been extensively 
studied (cf. [35], [23], as well as the review [321 ^.nd the references therein). However, since this is 
an issue more related to the classical Boltzmann equation than to the specific effects induced by 
the cubic terms in (jl.lOp . (jl.lip we have preferred to use the methods of T. Carleman to prove 
local well-posedness. The reason being that, although Carleman's method requires to impose 
decay estimates for the solutions more restrictive than some of the more recent approaches, it uses 
simpler arguments. In spite of this this approach will be enough to obtain a large class of initial 
data yielding blow-up for the solutions of p.lOp . (jl.lip in finite time. 

In order to prove the blow-up for the solutions some additional methods are needed. We will 
use first a crucial monotonicity property that has been obtained in [21] . This property allows 
to obtain an estimate for the net number of collisions taking place between particles with small 
energy. Roughly speaking this number measures the rate of change of the number of small particles 
associated to g. It turns out that, for a given amount of mass in the region {e g [0,-R]} , the net 
number of collisions between particles with small energy yields big changes in the mass of the 
system, except if the distribution g is very close, in the weak topology, to a Dirac mass supported 
at some point e = eo > 0. Given that the total mass of the system is bounded such large changes 
of the mass are not admissible. Therefore, if the initial number of particles with small energy is 
sufficiently large and the solutions do not become unbounded in finite time, only one alternative 
is left, namely, the distribution g close, in the weak topology, to a Dirac mass at a particular value 
of the energy eo > 0. 

The rigorous proof of this concentration estimate will made use of a key Measure Theory result 
that describes in a rather precise way the degree of concentration of arbitrary measures defined in 
intervals [0, R] with R small. 

Finally we will prove that the concentration of g at a positive value of the energy cannot take 
place for a set of times too large if /o (e) > > for small e. This will be seen using two arguments. 
First, we will prove, using again the monotonicity property mentioned above, that the condition 
/o (s) ^ > implies that the number of particles with energy in the interval [0, R] with R small, 
can be bounded from below for times of order one. Using this, we can see that there would be a 
fast transfer of particles with energy e = eo towards lowest energy values. This would contradict 
also the conservation of the total number of particles and then, the only alternative left is blow-up 
in finite time for /. 

This will be seen deriving an estimate for the transfer of particles from the peak at e = eo to 
the region of smaller particles. This estimate will show that for solutions of (|1.10p . (jl.lip with 
/o (e) ^ > the transfer of particles from the peak at e = eo towards smaller particles is very 
large. 

The previous arguments will be made precise deriving detailed estimates of the measure of the 
set of times in which the distribution g behaves in each specific form. 

On the other hand, the reason for the onset of the alternative which states that the net rate of 
collisions can take place only if g concentrates near a Dirac mass is because for small values of e 
the dominant terms of the equation are the cubic ones in (II. 3p . The equation verified by g if only 
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the terms in ^3 (•) are kept is (of. (|1.13p ): 



dtgi = 32^3 / ql $de3rfe4 (1.15) 

Jo Jo V47rV2e/ 

and it can be readily seen that every distribution of the form g = MoS^g with Mq > 0, eo > is a 
stationary solution of (|1.15p . 

The plan of the paper is the following. In Section 2 we define the concept of solution which will 
be used in the paper and state the main result. In Section 3 we prove a local well posedness result 
for the equation (jl.lOD . (|1.11D for suitable initial data. Section 4 describes a basic monotonicity 
property of the solutions of (|1.10p . (Il.ll[) which will be used in Section 5 to derive a first estimate 
for the number of collisions which change the energy of the particles. Section 6 contains a crucial 
measure theory result which states in a precise quantitative way that an arbitrary measure in 
[0,1], either is concentrated in a small set, or it has its mass spread among two measurable sets 
which are " sufficiently separated" . This measure theory result is used in Section 7 to transform the 
estimate obtained in Section 5 to another estimate which states that the solutions of (ll.lOp . (II. lip , 
must have their mass concentrated in a narrow peak if they are defined during sufficiently long 
times. Section 8 contains some estimates which prove that the portion of particle distributions 
concentrated in narrow peaks with small energy would be transferred very fast towards even smaller 
energy values. This is used in Section 9 to conclude the Proof of the Main Theorem of the paper. 

In all the paper C will be a generic numerical constant which can change from line to line. We 
will denote the Lebesgue measure of a measurable set A C M as |A| . 



2 Main result of the paper. 
2.1 Definition of mild solution. 

In order to formulate the main result of this paper we need to introduce some functional spaces 
and to precise the concept of solution of (ll.lOp . (|l.lll) . 

Given 7 S M we will denote as L°° (M+; (1 + e^) the space of functions such that: 



lL~(R+;(l+e)^) 



= sup{(l + e)V(e)}< 



e>0 



Notice that L°° (M+; (1 + e)'') is a Banach space with the norm |Mli=o(R+.(i+(:)-7) ■ 

We will use also the spaces Lf^^ ([Ti, Tj) ; (R+; (1 + e)'')) of the functions / satisfying: 

sup||/(i, Olli-rR+.ci+e)^) <oo> 
teK 

for any compact K C [Ti,T2) . Notice that these spaces are not Banach spaces. We will use the 
space L°° ([Ti, T2] ; L°° (K"*"; (1 + e)^)) which is the Banach space of functions such that: 

ll/llL°°([Ti,T2];L~(R+;(l+e)^)) ^ 1 1 / ') II L°= (R+ ;(l+e)^ ) < . 

*£ [^i ,T2] 

Definition 2.1 Suppose that 7 > 3 and < Ti < T2 < +00. We will say that a function 
f € L'^c {[Ti,T2) ; L°° (M+; (1 + e)^)) is a mild solution of (TW^, fTIiP «/ it satisfies: 

/(t,ei) =/o(ei)vI/(t,ei) + ^ / -J-f^/ / fsfiil + fi + f2)Wde3de,ds (2.1) 

V2 Jti ^is.ei) Jo Jo 

a.e. t G [Ti,T2), where: 

ait,ei)^-^j^ f2il + f3 + h)Wde3dei , * (t, ei) = exp a (s, ei) j . (2.2) 
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Remark 2.2 Since 7 > 3, for any t e [Ti, T2) the integral term 73/4 (1 + /i + Wde3,dei 

can he estimated by a constant C ||/|l2;,oo(-]g+.(-]^_)_g)T) ^1 + II/IIl°°(r+-(i+£)^)) where C is a numerical 
constant. The term a (i, ei) can he estimated hy C {l + ll/llL°°(K+-(i+e)'^)) /o°° /o°° f2Wde^den. By 
the definition ofW, and using £2 as one of the integration variahles, we estimate f2W de^de-i 

as /q°° /2 (-^£2 + V^) ^d€2 < C* ll/llL°°(R+-(i+e)^) ■ Therefore, all the terms in \2.1]) are well de- 
fined for < t < if f e Lf^, ([Ti, Ta) ; (R+; (1 + e)^)). 

2.2 Blow-up Result. 

The main result of this paper is the following: 

Theorem 2.3 Let M > 0, E > 0, v > 0, > S. There exist p = p{M,E,v) > 0, K* = 
K* {A'l, E, v) > 0, Tq — To {M, E) and a numerical constant 0* > independent on M, E, v such 
that for any fo £ L°° (K+; (1 + e)'') satisfying 

47rV2 / /o (e) Ve* = M , 47rV2 / /o (e) V^de = E, (2.3) 

inf fo (e) > > , /' /o (e) v^de > K* (p)'* (2.4) 

{0<e<p} Jo 

there exists a unique mild solution f G ([OjTmax) ; (K+; (1 + e)^)) defined for a maximal 
existence time T^ax < Tq. T/ie solution f satisfies: 

lim sup ||/(-,i)||ioo(R+) = 00. 

Remark 2.4 Theorem \2.S\ states that there is a large class of initial data /q for which it is possible 
to define bounded solutions for a finite time interval hut yielding blow-up in finite time. The result 
is local for given values of E and M in the sense that the main requirements for hlow-up are to 
have a lower estimate for /o for small energies as well as a sufficiently large amount of particles 
in the interval e G [0, p] . 

3 Local well-posedness Theorem. 

As a first step we prove the local well-posedness of (|1.10l) . for initial data in (M^; (1 + 

with 7 > 3. We first summarize some topological results which will be used in the arguments. 

3.1 Topological preliminaries. 

We introduce a concept of weak topology in the spaces L°° (M^; (1 + e)''') by means of the func- 
tionals: 

L^[f] = / fifide , (^e Co([0,(^)). (3.1) 

JR+ 

We will denote as the topology induced by the functionals (p in L°° (1 + e^) . We define 
also the set: 

/C];, = {/>0, /eL°°(R+;(l + 6)-') :||/|l^^(R+^(i+,).)<i?} , < T < 00. 
Lemma 3.1 For any R > 0, 7 > 1, the topological space (/C]^, 0) is metrizable and compact. 
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Proof. In order to check that the topology 8 is metrizable in ICj^ we select a countable set of 
functions (pn G Cq ([0,oo)) which is dense in Cq ([0, cx))) in the sense of the uniform topology in 
compact sets. We then define a metric in IC]^ by means of: 



dist(/,g) = ^. 



2-ri 



K^"IIl1([0,oo)) 



[0,00) 



(/ - 5) ^nde 



(3.2) 



It is now standard to check that every set in Q contains a ball with the form G I^t r ■ '^^^^ (/o' .9) 
for some /o € /CJ and S > and also that such a ball contains a set of Q. 

In order to prove the compactness of )C]^ with this topology it is enough to prove, due to the 
metrizability of the space, that every sequence has a convergent subsequence. Given a sequence 
{/„} C /Cj we have, since 7 > 1, that J^_^ fnde < CR for some C independent on n. Then, there 
exists a subsequence of {/„} which will be denoted by the same indexes, as well as a Radon measure 
H G M+ (R+) such that /„ ^ ^ as n — > 00 in M+ (M+) . 

The definition of (M+; (1 + e)'') and /C^ imply: 



/„ (1 + e)^ ^de < i? / ^de = , 
for any ip e Co {[0,oo)) . Taking subsequences and passing to the limit in this formula we obtain: 

and this implies that ^ (1 + e (i^ ([0,oo)))* = L°° ([0,oo)) . (cf. [2], [5]). A similar argument 
yields /i > 0. Then fj, G JCj^ and the result follows. ■ 

We now define the space of functions in which we will prove well posedness. We will denote as 
A"^ rp the space of functions C ([0, T] ; [IC]^, Q)) endowed with the metric: 



dist(/i,/2)= sup d^-r{f\{t)j2(t)) 



te[o,T] 



(3.3) 



where d]Qi is the distance associated to the topological space {JC]^,Q) (cf. Lemma lO]) . The space 
X^rp is a complete metric space for any R > 0, < T < 00, 7>1. We recall in the next 



Proposition the characterization of the compact sets of 



R,T- 

Proposition 3.2 Let R > 0, < T < 00, 7 > 1. Suppose that T C X'^r^ is an equicontinuous 
family of functions, i.e. for any e > there exists 6 > such that, for any f JF and any 
ti,t2 £ [0,r] satisfying \ti — t2\ < S we have d^J (/ (^1) ; / (^2)) < £• Then, the family T is 
compact in the topology of X'^rp. 

Proof. It is just a consequence of Arzela-Ascoli Theorem for continuous functions with values in 
general compact metric spaces (cf. [S], [H])- ■ 

It will be convenient to reformulate Proposition 13.21 in a form that is more convenient to use in 
terms of test functions. 



Proposition 3.3 Suppose that J- C Xj^ j, is a family of functions satisfying that, for any ip € 
Co ([0,00)) and any e > there exists S > such that, for any f G T and any ti,t2 € [0,T] 
satisfying 1^1 — ^2! < S the functions ijj^ {t; f) = f {t, e) ip (e) de satisfy: 

\^.p {ti;f)-^v {t2-J)\ <s, 
for any f G T . Then, the family J- is compact in X^ j,. 
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Proof. We use the metric defined in p.2p . Given e > as well as the definition of j, it follows 
that there exists N large enough such that 



II^"||li([o,oo)) 



[0,00) 



(/ ih)- nt2))^nde 



e 

<2' 



for any ^1,^2 € [0,7"] • On the other hand, using the property satisfied by the family J- it follows 
that, there exists 5 > such that, if Iti — < 5 we have: 



E 



2-ri 



(/ (ti)-/(i2))^„& 



e 

<2- 



Therefore dj^i {f (ti) ,/(i2)) < £ and applying Proposition 13.21 the result follows. 



3.2 Statement of the Local Well-Posedness Theorem. 

Theorem 3.4 Suppose that /q e (M+; (1 + e)^) mt/i 7 > 3. There exists T > 0, depend- 
ing only on ||/o (•)llL°°(R+-(i+e)^)' '^"•'^ there exists a unique mild solution of il.lO\) . U.ll]) . f £ 
Lf^^{[0,T);L°° (R+; (1 + e)'')) m the sense of DeHmtion[2l[ 
The obtained solution f satisfies: 



471^2 h{e)e^de^AnV2 J{t,t)e^de, t e iO,T) , w e - 



(3.4) 



The function f is m the space W^^°° {{0,T);L°° (M+)) and it satisfies nTTU) a.e. e G R+ for 
any t € (0, Tmax) ■ Moreover, f can he extended as a mild solution of U.10\} . il.ll]) to a maximal 
time interval (OjTmax) with < T^ax < 00. IfT^nax < 00 we have: 

lim sup ||/(i,-)llL=o(R+) = 00. 

We will split the Proof of Theorem l3.4l We first prove the existence of one mild solution using 
Schauder's fixed point Theorem. Suppose that T > 0. We define for each 7 > 3 the following 
auxiliary operator T '■ — >■ X^ : 

T{f){t,e,) = fo{e,)^{t,e,) + — / /aA (1 + A + /a) W^de3*4ds, (3.5) 

V2 Jo *(s,ei) Jo Jo 

where ^E" is as in p.2p . Given 7 > 3 we define the following functional tp^ : L°° (M+; (1 + e)'') — > 

/•oo 

^7 [/] = II/IIl~(r+:(i+.)^) + / e*/ W de. (3.6) 

Jo 

The following estimate will play a crucial role in all this Section. 

Proposition 3.5 Let 7 > 3. Suppose that the operator T : i^J[0, T) ; (R+; (1 + e)^)) 
L'^c ([0' ; (J^^; (1 + '^V)) defined as in ( fXS|) . T/iere ea;ists Q<e<landC>Q both of 
them depending only on 7 such that for any < t < T : 



^^[fit,-)]<i^^[fo]+Ct(l+ sup \\f{t,-)\ 



0<s<t 



sup / f{s,e)de] + 
0<s<tJ / 



+ CTSUP |1/(s,-)IIl= 

0<s<t 



fl + 2 sup ||/(s,.)IIl=o(e+)) sup / (V~e + {e)^)f{s,e)de+ 

\ 0<s<t ^ '/0<s<tJo ^ ' 



sup 

0<s<t 



1 + /(s,e) de 



+ sup ||/(s,-)llL-(R+;(l+eP) • 
0<s<i 



+ 

(3.7) 
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In order to prove Proposition 13.51 we need two auxiliary Lemmas. 

Lemma 3.6 Le< 7 > 3 and T : L^^ ([0, T) ; (IR+; (1 + e^)) L^^ ([0, T) ; (M+; (1 + e)"^)) 
as m dg. 5)) . There exists C > depending only on 7 smc/i </iat' 



00 



r(/)(t,e)de< / (e)Vo(e)rfe + Ci fl + 2 sup ||/ (s, •)ILoo(r+)) x 

Jo V 0<s<t V 



x( sup •)llL-(R+:(i+er) ) ( sup / Vef{s,e)de], (3.8) 

VO<s<t / \0<s<tJo / 



forO<t<T. 



Proof. Notice that, using the symmetry of the integral under the exchange £3 O €4 as well as the 
fact that W < if £3 > £4 and that 7 > 3.: 



L^[m+-e2dej 
00 



J J Whfi{l + h + h)de3de4 

/ \ de 1"°° 

<c(i + 2||/ii^^(j,,))ii/ii^.(j,+^(,^^).)y^ /4^&4 (3.9) 

^ (1 + 2 ||/|Iloo(r+)) ||/||i«>(R+.(i+,)i) / Uy/e^de^- 

J 

Using the fact that / > we obtain < (d, t) < 1, < < 1, whence follows. 

We need to derive detailed estimates of the function a {t, ei) in p.2p . 



Lemma 3.7 Suppose that f G L°° (M^; (1 + e)'^) with 7 > 3. The function a {t, ei) defined in 
can be written as: 



a{t,e4)^^^J^ f{t,e)Vede + S[f]{t,e4), (3.10) 
where 

S if] it, ei) = 5i [/] (t, ei) + 52 [/] (t, ei) , (3.11) 

with: 

5i [/] = ^ /2^ (^^ j &2 , 52 [/] = ^ /2 (/3 + k) Wde^de^, (3.12) 

(x)^ / 1\ 

ui (x) — — - — , X < 1 and uj {x) = ix — \fx +2)1 a; > 1. (3.13) 

Iff>Owe have Si [/] > and S2 [/] > 0. 
Proof. Using the change of variables £2 = £3 + £4 ~ ei , ^ = £3 — £4 we obtain: 



47r2 r°° /•(e2+eij / 

a(t,ei) = -=/ /2de2 / d^l^ Ui,e2 

V2 Jo J-(e2+ei) V 



S2[f] (i,ei), 



where 52 [/] is as in (13.121) . 

Using the symmetry of the function W ^ei, 62, ^^^^j-^, with respect to the transfor- 

mation ^ — >■ (— ^) , as well as the definition of W, we obtain: 

a {t, ei) = ^ m ('-^) de2 + S2 [/] {t, ei) , 



V2 Jo Vei 
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with: 



, x>0. 



We can compute fl (x) treating separately the cases x < 1 and a; > 1. Using the definition of 
W we obtain: 



fl (x) — \fx + 



{xY 



if X < 1 , (x) = a; + - if x > 1 



1 



We can then write {x) = yjx + uj {x) with w (•) as in p.l3p . This gives p.lOp . Using the fact 
that w (x) > we conchide the Proof of Lemma 13.71 ■ 

The foUowing Lemma is important to control the behaviour of T(/) (<, e) for large values of e. 
Its proof uses in a crucial way the structure of the quadratic terms of the equation (|1.10p . 

Lemma 3.8 Le< 7 > 3 and T : L^^ ([0, T) ; L°° (1 + ef)) L^^ ([0, T) ; L°° (IR+; (1 + e)^)) 
as in h3.5]) . There exists 6 e (0, 1) and C > both of them depending only on 7 and such that, for 
any t G [0, T] the following estimate holds: 



I|7'(/)IIl°°(R+;(1+£)t) (*) < ll/o|lL°=(K+;(l+e)T) + 



+ t sup ||/(s,-)IIl<-(R+;(1+£)^) 
0<s<t 



Ct[l+ sup 

0<s<t 



sup 

Vo<s<t 



+ 

T) I ( sup / f{s,e)de 

V \0<s<tJo 



+ Ci sup ||/(s,-)llL-(K+;(i+e)^) ( sup 



0<s<t 



0<s<t Jo 



+ 9 sup ||/(s,-)|lLoc(K+;(i+e)T) 
0<s<i 



l + (e)^)/(,s,e)&j + 

(3.14) 



Proof. We estimate the operator T(/) in the norm L°° (K+; (1 + e)^) . Notice that p.Sp implies: 



ll'^(/)llL°°(K+;(l+e)-') ^ ll/o|lL~(R+:(l+e)^) + -'^l + >^2 + -^3, 



(3.15) 



with: 



V2 



OO /"OO 



'I^(^,£i) 
^(s,ei) Jo ^ 



*(i,ei) 



/i 



Ji - 

/o * (s, ei) Jo 
The terms J2 can be readily estimated: 



00 poo 



Jo Jo 

* *(i,ei) 



00 roQ 



fsfiWde^de^ds 
fsfiWde^dcids 
f'ifif2Wdezdeids 



I,°°(R+;(l+e)^) 



L°°(R+;(l+e)T) 



L°°(R+;(l+e)T) 



J2<< sup 11/ (S, Oil 



0<s<t 



L~(R+;(l+e)-') 



sup 

0<s<t 



1 + e^ /(s,e) de 



In order to estimate J3 we use the symmetry in the variables €3, 64 to obtain: 



J3 <'2 / 72*2 / X{e3>ei}f3fide. 

Jo Jo "'(0,00) 



(3.16) 



(3.17) 



L°°(R+;(1+£)T) 
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£4- 



(1 -/i) ei 




£3 



Figure 3.1: (e = 3, = 3/4) The domain of integration of the integral Ji, in grey, is covered by 
the union of the domain with points, the domain with vertical lines and that with horizontal lines. 
In the part of the grey domain covered by points the function W is bounded by one. In the part 
of vertical and horizontal lines the grey domain covered by vertical lines it is less than or equal to 



Using the fact that in the region {ea > £4} , e2 > we have £3 > ^ as well as the definition of 
the norm ||/ (s, OH l»(r+;(i+£)^) arrive at: 



^3<C / ||/(s,.)ll 



(2 + ei)^ Jo 



72^62 



ds 



<ct sup ||/Gs,-)I1lo 

Q<s<t 



i+;(i+,)T) l^^sup^y^ fis,e)de 



(3.18) 



The term Ji must be estimated more carefully. We use at this point ideas closely related to 
those in [3], [3]. Suppose that ^ < n < 1 and let us write Mq {t) = J g (i, e) de. This number is 
the total mass of the particles and for solutions of (jl.lOp . (II. lip can be expected to be constant. 
However, this has not yet been proved and we must therefore keep Mq (t) as a function of t. Using 

([112)) . (12:2)) and Lemma lO we obtain f^j^ < exp (^-TTy^ X* Mq (0 rf^) ■ Then, splitting the 
domain of integration in Ji in the two subdomains indicated in Figure 3.1 we obtain: 

Jl < Jl,l + Jl,2i 



167r2 

71" 



^ exp(^-7rV^^ MoiOdi^ 




ds 

L~(R+;(l+e)"') 



-fide^ ds 



i+:(l+£)"') 
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We first estimate Ji^i: 



8^2 



< c 



< c 



^ /* I r ^3^63 ) [r (l + (£4)^) /4de4 ) 

l + (ei)Wo V-^(i-A')^i / V-^(i-a')ei ^ / 



L°°(E+;(1+£)T) 



L°°(R+;(l+£)-') 



II/(s.-)IIl~(R+;(1 



/o (l + ei)^+^ 

< C* / 11/ ■)IIl°=(R+;(1 + c)^) 



l + (e4)^j/4&4j ds 
l + (e4)^) /4de4 Hs, 



L~(R+;(l+e)^) 



where the constant C depends on /i, 7. 

We now estimate Ji^2 which is the most delicate term. We fix L > and treat separately the 
cases t\ < L and ei > L. In the region where ei < L we have the pointwise estimate: 



J1.2 < 



t / />oo \ 2 

3(ie3 I ds , ei < L. 



On the other hand, if ei > L we obtain: 



t exp ( -TT^ Mo (C) dC ) / /-"^ 



Ji 2 < 27r 



27r / 



/sdes j Mo (s) ds 
exp(-^ViT/>/o(OdC 



Mo (s) ds 







(l+MEl) 



7-1 



< 



7- TT ( sup 11/ (s, •)|Il="(R+;(1+c)^) ) 

[1 - ^) \Q<s<t 'Vei(l + /iei) 



where we have used the definition of Mq (s) and (I1.12p . Using now the inequality — < — — 



that holds for ei > L we obtain 
2 

J1.2 < 



i + 1 1 



T, El > L. 



We now use that 7 > 3. Choosing then L large and /.i sufficiently close to one (both depending 
on 7 we obtain: 

2 L+ 1 1 e 

(7-I) L (l + ^eir " + 
with 9 < I independent on ei. Therefore, we obtain, adding the contributions from the regions 
where ei < L and ei > L : 

Ji,2< ^v/(l-M)(l + iry^ ^ /adesj ds + (?^supJ|/(s,.)ILo.(R+^(i+,).). (3.19) 

We combine now p.l6p . p.lSp . p.l9p to obtain p. 141) whence the Lemma follows. ■ 
Proof of Proposition [375l It is just a consequence of (|3.6I) . Lemma [3.61 and Lemma 



We now prove the following result. 
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Lemma 3.9 Assume that 7 > 3. There exists Bq > depending on \\fo\\i^,x(j^+.(^i_^_^y^ , such that, 
for any R > Bq there exists (R) such that, for any T < (i?) the operator T , defined by means 
of f\3.5\) . transforms j, into itself. 

Proof. Since 7 > 3 wc can estimate J ^l + e^^/(e)de by means of C \\f {s, ■)\\j^^^^+.f^^_^^yy 
Using Lemma we obtain: 

ll'^(/)llL~(R+;(l+e)T) W < ll/o|lL°=(R+;(l+e)-') + C"* I SUp 1 1 / (s, •) II ;(l+e)T) 

\0<s<t / 

+ Ci(l+ sup ||/(s,-)|Il~(r+;(i+,)t) ) ( sup ||/(s,-)IIl~(b+;(i+£)-') ) + 

\ 0<s<t / Vo<s<t / 

+ Ci( sup ||/(s,-)IIl~(B+:(1+£)^) ) +^ sup ||/(s,-)llL~(B+;(l+e)-^)' 
Vo<s<t / 0<s<t ^ ^ ' ' 

if < < < T. Therefore, since II/II^ocqo T]-L°°(R+-(i+e)^)) — obtain: 

^sup^ lir (/)|lioo(K+^(i+,).) (<) < ll/o|lio.(„+^(i+,).) + CT + i?3) + (3.20) 

Since 6* < 1 it then follows that, choosing R sufficiently large and then T small (depending on 
B) we would obtain that the right-hand side of p.20p is smaller than R, whence the result follows. 
■ 

We also have the following: 

Lemma 3.10 Suppose that R > Bq and T < T^, (R) are as in Lemma \3.9i Then, the operator T 
defined by means of hS. 5]) is continuous in the metric space j, . 

Proof. Since A"^ ^ is a metric space, it is sufficient to check the result for sequences. Suppose 
then that we have a sequence {fn}n>o G t ^^"^ A* ^ '^r t such that /„ — in the topology of 
A"^ rp. Let (y9 S Co ([0, 00)) be a test function. We need to show that we can pass to the limit in: 

T{fn) {t,ei)ip{ei)dei 

uniformly in t G [0, T] . We notice first that, due to the boundedness of the functions in X^j,, 
weak convergence of a sequence {/«} in the topology to /i e X^ j, implies the convergence 
of integrals like /j^^ /„ (<, e) dt to Jj^^ /ide for any < Ri < R2 < 00. Indeed, this can 
be seen approximating the characteristic function of the interval [Ri,R2\ by a set of continu- 
ous functions (pm € Co ([0,T] x [0, 00)) in the topology of ([0,T] x [0, 00)) . The estimates 
for the functions /„ € K,t imply that, for any given e > choosing m large enough we have 
•^[fli ^2] /""^^ ~ J fn'Pmde < I uniformly in f G [0,T] . Choosing then n large enough we obtain 

I[Ri R2] t^Vmde — J fn^mde < |, whence the desired convergence follows. 

We consider first the term /o (ei) ^ {t, ei) . The function /o (ei) is fixed, independent on n. We 
need to compute the pointwise limit as — > 00 of 

an{t,ei) = -j= J J /„,2 (1 + /n,3 + /n,4) W^rfe3de4 , *„ (t, ei) = exp f -y a„(s, ei)ds 

Since ip is compactly supported we need to compute this limit only in bounded regions. Suppose 
that El < Li. We then rewrite a„ (t, ei) as: 

a„ {t, a) =^ / / fn,2 (1 + fn,3 + fn^) W de:>,de4,+ 

+ ^ f [ fn.2 (1 + /„,3 + fnA) Wde^de^, (3.21) 

V2 J JR2^\[0,L2]^ 
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where L2 > 2Li. In order to pass to the Hmit in the first integral on the right-hand side we change 
variables to have as integration variables (£2,63) for the integral containing the term /„, 2/^,3 and 
the integration variables (£2,64) for the integral containing the term /n,2/n.4- In the case of the 
term containing only /„^2 either choice of variables of integration is valid. We then obtain integrals 
in sets with test functions chosen as characteristic functions multiplying a continuous function 
which contains the dependence on W. Due to the estimates for the functions /„ € )Ct we can pass 
to the limit in these integrals as n — >■ 00. The resulting limit is, after returning to the original 
integration variables: 

-7^ / / (1 + /i3 + (m) Wde^de^. 

The last integral in (j3.2ip can be estimated using £2 as one of the integration variables and the 
fact that -L2 > 2Li : 



87r2 
n/2 



/•OO 

fn.2 (1 + fn.i + Iua) Wdc^de^ <C /„ (£) ede. 



/R^\[0,L2 

Using then the fact that fn {t, e) eide < 2 II/0II3; we obtain: 

Stt^ f f C 
fn,2 (1 + /n,3 + Ua) W de^dei < -j= 



V2 

where C is independent on n. Taking then the limit L2 ^ 00 and then n — )■ 00 we obtain that: 

an (t, £1) ^a{t,ei) = ^ [ [ (1 + ^^3 + M4) Wdesdei, (3.22) 



V2 

as n — )■ 00 for each £1 > uniformly in t e [0, T] . Since a„ {t, £1) > we have "ifn {t, £1) < 1. We 
can use then Lebesgue's Theorem to obtain: 

/o (£1) {t, £i) ^ {t, £i) deidt ^ J ^ fo (£1) ^' {t, £1) if {t, £1) dexdt, (3.23) 

as n — ^ 00, uniformly in i € [0, T] with: 

* (t, £1) = exp j a (s, £1) ds^ , 

and a {t, ci) as in p.22p . 

We now pass to the limit in the term resulting from the last term in (|3.5p . To this end we 
compute the limits of the following integrals: 

g^2 rt .00 .00 roo^^^ ^ , . , . 

h.n = —^ / / / TTw r/„,3/n,4M/(^(i, £i)a£ia£3a£4as, 

V2 Jo Jo Jo Jo *n {s,ei) 

h.n^—f=l I I I -r—, zJn.iJn.zJnAWip{t,ei)deide:ideids, 

V2 Jo Jo Jo Jo *n(s,£i) 

h.n = —^ / / / TTw TJn,2jn.3jnAWip{t,ei)deide3deids. 

V2 7o ^ *n(s,£l) 

The limit of the first integral, lim„_j.oo is obtained in the same way as (j3.23p . We split 
the integral /i^„ in the variables (£3, £4) in the regions [0, L]^ and M'^ \ [0, ^2]^ with L2 large to be 
determined. On the other hand, the integration in £1 takes place in a compact set due to the fact 
that (fi is compactly supported. The contribution to the integral due to the set (£3, £4) G R^\[0, ^2]^ 
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is uniformly small if L2 is large (independently on n) arguing as before. We can take the limit of 



as n — >■ 00 using Lebesgue's Theorem, whence: 



r-t r-ao r-ca p-ca ^ ^\ 

Ii,n^—7= / / / -—-^-^fJ.3fi4W(p{t,€i)deide3d€4ds, n^oo. 
V2 Jo Jo Jo Jo *(s,ei) 

In order to take the limit of l2,n we first use the fact that the integration takes place in a bounded 
interval [0,ii] due to the choice of (p. We use Egorov's Theorem to approximate uniformly, for 
each Eq small, as in a set A C [0, Li] such that |[0,Li] \ < Eq. Notice that the 

set A depends on t and s. We then have 



-r— 7 7fn,lWdei - / — Tfn,lWd€i 

*„(s,ei) 7^^'(s,ei) 



<C\\f\\;,.^^eo. 



uniformly in bounded sets of 63, £4 in bounded sets if n is chosen sufficiently large. It then follows 
that: 

Stt^ /■* r°° r°° r°° xji (f 
l2,n^—7= / / / T I ' \ MiM3M4W^y (<,ei)&ic^e3&4ds, ri->cx). 
V2 Jo Jo Jo Jo 

We now consider the limit of the term /a „. We can again restrict the domain of integration to a 
large cube [0, Uf because the contribution of the tails can be estimated uniformly in n as L — )■ 00. 
On the other hand we can apply again Egorov's Theorem to show that for any eo > there exists 
a set A C [0,i], depending on s and such that |[0,i] \A\ < £0 with the property that 



converges uniformly to uniformly on A. We now change the integration variables by means 

of: 

(ei, £3, £4) (£2, £3, £4) = (£3 + £4 - £1, £3, £4) • 

This transformation brings the set ([0,i]\A) x \Q,LX to a new set B whose intersection with the 
domain of integration J7i has a measure of order C^eo, with Cl depending on i, but not on Eq^ n. 
We then need to take the limit as n — !■ cx) in: 

fill TT—? \ Tjn,2jn,3jnAWip{t,ei)de2de3de4ds 

V2 Jo Jo Jo Jo *«(s,£3 + £4-£2) 

f f f f Stt^ 
Jo J J JUlXB 

The last integral can be estimated as: 

8^ 
V2 



On the other hand, in the integral Jq J J /nj,\s [' ' '] have uniform convergence of 



to j as n — > 00. We can then complete the integral to the domain 17^, adding a term which 
gives an error of order Cl^o- Making them eo small and then L large, and returning to the original 
set of variables we obtain: 

l3ri^—^ / / / T I ' \ M2M3M4VFy'(t,£i)(j£id€3(i£4(is, n -)■ OO. 

V2 Jo Jo Jo Jo ^'(s,£i) 
This concludes the proof of the continuity of T in the topology 8. ■ 

Lemma 3.11 Suppose that R > Bq and T < (R) are as in Lemma \3.!A The operator T , defined 
by means of i3. 5]) and restricted to the metric space rp is compact. 



17 



Proof. By Proposition l3.3l it is enough to show that the functions tp^ {t; T (/)) — {t, e) (fi (e) de 
are uniformly continuous in i e [0, T] for / £ rp. Therefore, we need to prove that the functions 



it; f) = j^^ fo (ei) * {t, ei) f (ei) de,, 

{t; /) = ^ / -r}^, / / / /3/4 (1 + /i + /2) ^ (6i) Wde,de,de,ds, 
V2 Jo «'(s,ei) Jo Jo Jo 

are uniformly continuous for / e '^rt' ^ G [0,r]. We prove first that the family of functions 
(•; /) : / G <^/j t} uniformly Lischitz in t e [0, T] . To this end, we just differentiate these 
functions with respect to t. This can be made a.e. t G [0, T] due to the uniform boundedness of 
a {t, ei) in compact sets of ei S [0, oo) . Then: 



^4'^ {t;f) 
dt 

_ .oo .oo .oo 



/o(ei)a(i,ei)^'(t,ei)^(ei)dei 

hh (1 + /i + h) V (ei) M^deide3rfe4 



Jo 
t 



dt 

V2 Jo Jo Jo Jo 



a 



T- 



e. t G [0,r] . The right-hand side of these formulas can be bounded easily using that / S X]^ 
It then follows that the family of functions T ^<%'^ is equicontinuous and then Proposition 
implies that it is compact. ■ 

Proposition 3.12 Let fo G L°° (M"*"; (1 + e)^) with 7 > 3. There exists T > depending only on 
11/0 (')llL°c(K+ (i+e)T) ''■''^d at least one mild solution of il.lO\) . hl.ll]) in the sense of Definition \2.1\ 

Proof. Given ||/o (•)llL~(R+(i+e)T) choose R> Bo and T < (R) are as in Lemma [5?^ Then 
the operator T transforms the space X^j, into itself due to Lemma [3.91 Moreover, this operator 
is continuous due to Lemma 13.101 if we endow X^ j, with the topology Q and due to Lemmas 13.11 
13.31 and 13.111 the operator T : X'J^ j, — )• X^^ j, is compact. Then Schauder-Tikhonov Theorem (cf. 
[5], p. 456) implies the existence of a fixed point of T in / G '^rt- definition of T it 

follows that / satisfies (j2.ip . ■ 

Proposition 13.121 yields a solution of (|1.10p , (|l.lip in the sense of Definition 12.11 In order to 
check that the total number of particles and the total energy are constant in time it is convenient 
to prove that the derived solution is a weak solution in some suitable sense. 

Lemma 3.13 Suppose that > 3 and f e L^J[0, T) ; L°° (M+; (1 + e)'')) is a mild solution 
of I11.10\} . Hl.ll]) in the sense of Definition \2.1l Let g he as in U.IS^) . Suppose that ip G 
Co ([0, T)x[0, 00)) Then, the function %IJip{t) — g {t,e) Lp {t,€) de is Lipschitz continuous in 
t € [0, r] and the following identity holds: 

dti [ g(pde] = [ gdt'-pde + \ [ [ [ ^^/^^^^ Q ^deide2dez+ 
\Jk+ / Jr+ 22 Jr+ Je+ Jr+ v^i^2e3 

+ j/ / / ^^0zQ^deide2de^, a.e. t G [0, T] , (3.24) 
2 Jr+ Jr+ Jr+ V^ie2 

where: 



$ = min I V^T, ^ (ei + £2 - £3) + } (3.25) 

Q^^p (eg) + (ei + £2 - £3) - (£1) . (3.26) 



18 



Proof. Using (j2.ip we obtain that g satisfies: 

/■* vi/ f°° 1-°° 

g{t,e,)=g,{e^)^{t,e^)+l: / -f^ / 

Jo * (■s,ei) Jo 



51 



52 



47rv2ei 47rv2e2^ / 



I I ^de^idends 



a.e. < g [0, T). Multiplying by a test function G Co ([0, T) x [0, oo)) and integrating in e G [0, oo) 
we obtain: 



g{t,ei)(f{t,ei)dei 

t poo poo poo 



JO JO 



.9354*1' 



goiei)'pit,ei)'i {t,ei)dei + 
.91 , .92 



47^^/2el" 47rV2e2 



* (s,ei) 



Notice that the integral V'lp (^) = /o°° 5 (^i ^i) (^i ^i) '^^i is Lipschitz continuous with respect 
to t in t G [0,T) , since a{t,ei) in (|2.2p is uniformly bounded in compact sets of [0,T) x [0, cx)) . 
Therefore (t) is differentiable a.e. t G [0,r) and its derivative is given by: 



dt 



{t, ei) (fi {t, ei) dci] = g (t, ei) dt(p (t, ei) dei + 



OO /"OO /"OO 



Jo Jo V^3e4 



.91 



52 



47rv2ei 47rv2e2 



(i, ei) deide3de4- 



ip{t,ei)a{t,ei)g{t,ei)dei 



Using (|2.2p we obtain: 



5* 



(t, ei) (fi {t, d) dei] = / g (t, ei) dt^p {t, ei) dei + 



OO /"OO /"OO 



°5354$ 



JO JO V^3^4 
oo poo poo _ 



1 + 



51 



52 



^0 Jo 



5i52£ 



1 



47rV2eI 

53 ^ 

47rA/2er 47rA/2c^ 



47rV2e^ 

54 



ip (i, ei) deide^dei- 
ip{t,ei)dei. 



In order to obtain p.24p we perform the two following simple operations. We relabel the 
integration variables in the cubic terms in order to write them as integrals with respect to the 
variables (ei, 62, 63). In the quadratic terms we symmetrize the integrals with respect to variables 
that appear in the functions g. ■ 

We can now prove that mass and energy are preserved for the obtained solution. 

Lemma 3.14 Suppose that 7 > 3 and f G ([0, T) ; (M+; (1 + e)^)) is a mild solution of 
il.lOp . in the sense of De{inition \2.R Let g he as in Then: 

dt( f gede)=dt(f gde) ^ , a.e.te[0,T). 

\JM+ / \JR+ / 

Proof. We apply p.24p with the test functions: 

= Cn (e) e 

where is a cutoff function satisfying Cn (e) = 1 if e < Cn i^) — ^ > n + 1, Cn > 0, Cn — 
0, Cn G C°° (R) . Notice that, since 7 > 3, it is possible to pass to the limit in the cubic term: 



lim 

n— ^C30 



515253*^ 
R+ Jr+ Veie2e3 



Qip„deide2de3 



R+ JR+ 



5i5253£ 



Qip^deide2dez: 
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where Lp^o (e) — £• In order to pass to the hmit in the quadratic term a raore careful argument is 
needed. We first estimate the integrah 



< Cmin { (f + ei + £2)^ < C min { Vel, V^} (l + (eif + (£2) 



Then, the quadratic integral can then estimated uniformly in n as: 



C 



/ / ^^^niin{^/er, ^/ej} (1 + (ei)^ + (62)^) deide2 



< C / dei 



v/ei ^ ^ Jr+ 



and since 7 > 3 this integral is convergent and we can take the limit 71 — > 00. Then: 



R+ 



g(pde ] = I gdttpde + 

+ 22 



2 7r+ Jr+ 7r+ VeleJ 



.9ig2g3'^ 

R+ v^eleJei 



Q^d€ide2de3+ 



Q^deide2de3 , a.e. i G [0,r) , 



(3.27) 



with (fi (e) = e. Since Q,^ = we obtain dt (^J^+ gedej = 0, a.e. i G [0,r). A similar argument 
using the sequence of test functions — (n (e) yields dt {J]^+ gde) = 0, a.e. t G [0, T) . ■ 

As a next step we prove uniqueness of the mild solutions of (ll.lOp . (|l.lip . Our goal is to prove 
the following: 

Proposition 3.15 Suppose that > 5 and f, / e L^^ ([0, T) ; L°° (R+; (1 + e)'')) are mild solu- 
tions of \1.10\) . in the sense of Definition \2.1\ with initial data f (0, ■) — f (0, •) = /o (•) G 
(M+; (1 + ef) . Then f ^ f. 

In order to prove Proposition 13. 15l we begin with a preliminary computation. 
Lemma 3.16 Suppose that f, f are as in Provosition lS. 15[ Then, the following identity holds: 



(/ {t, ei) - / {t, ei)) = /o (ei) n {t, e,) exp S [/] {s, e,) ds^ 









{-I> 


f 


{s,€i)ds^ 









+ 



8^ /■* 

V2 Jo 
8^2 rt 



Q{t-s,ei) 



exp 



S[f] {s,ei)ds] - exp 



/ (s, ei)ds 



V2J0 



fl{t — s, ei) exp 



5 



/ {s,ei)ds] J[/](s,ei)-J / (s,ei) 



where Ala — 47r /o (e) \/2ede, S [■] is defined as in S3.11\) . S3.12\) and: 



poo poo 

J[f]= / 

Jo Jo 



hh (1 + h + /2) W^de3*4, 



J[f] {s,ei)ds+ 
(3.28) 

(3.29) 



17 [t, ei) = exp (-TrMoi^/eT) . 

Proof. Bv Lemma 13. 141 we have: 

/>oo poo 

4tt f{t,e)V2^d€ = A7T / (t, e) v^de = A/q , a.e. t e [0,T) . 
Jo Jo 



(3.30) 
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Let 'i> {t, ei) be as in (|2.2p and let us denote as {t, ei) the corresponding lunction associated 
to /. Due to p. 301) we have: 



^{t,ei) = n {t, ei) exp - / S [/] (s, ei) ds , * (t, ei) = {t, ei) exp 



S 



(s, ei) ds 



By definition / and / satisfy (j2.ip . Taking the difference of these equations we obtain: 
(/ it, ei) - / (i, ei)) = /o (ei) (vl' (t, e,) - ^ (t, e,)) + 



(3.31) 



8^ /■* 
V2 Jo 



J[/] is,ei)ds + 



V2 Jo *(s,ei) 



J[f]{s,e,)-J / 



and using (I3.3ip we deduce (|3.28l) ■ 

In the next Lemmas we estimate the differences of the terms containing 5 [/] , 5* 

J [/] , J / respectively. 



and 



Lemma 3.17 Suppose that f and f are as in Proposition \3.15l Then, we have the following 
estimates: 



exp 



< 



S[f] - exp 

S[f] {^,e^)-S[f] 

C 



5* 



itei)d^ 



(3.32) 



d^ , 0<s<t<T,ei>0, 0<s<t<T, 



S[f]it,e,)-S f (t,ei) 



< 



1 + 



L=°(R+,(l+e)T) 



ei > , < t < T, (3.33) 



for some suitable constant C > depending only on 7. 

Proof. The estimate p.32p is a consequence of the inequality 
B > 0. In order to prove p. 331) we first notice that: 



\e-^-e~^\ 



<\A-B\, A>0, 



S [/] {s, ei) - S [f\ {s, ei) < [/] (s, e,) - Si [f\ (s, e,) + S2 [/] (s, e,) - S2 [f\ (s, e,) 
The definition of 5*1 [•] in (IXT^ yields: 



5i[/](s,ei)-5i [f\ (s,ei) < 
Then, using that 7 > 3 : 

5i [/] (s,ei)-^i If] (s,ei) 



C 



[I + V^i) Jo 



/2-/2 



(e2)'de2 + C/ £2 



/2-/2 



de2 



< 



C 



1 + 



< 



G_ 

1 + 



/2-/2 



h - h 



L=°(R+,(1+€)T) 

c 



(1 + ei 



/2-/2 



L~(B+,(l+e)^) 



L==(R+,(l+e)^) 



(3.34) 



On the other hand, using p.l2p : 



^2[/](.s,ei)-52 / (s,ei) 



< C 



00 /"OO 



^0 



/2(/3 + /4)-/2 /3 + /^ 



Wd€3de4. 



21 



Then, using also the symmetry we obtain the following estimate for ei > 1: 



52[/](s,ei)-52 / (s,ei) 



OO nOO 



< C 



"'0 



f2-h 



f3Wde3de4+ 



+ c h 

Jo Jq 



b ~ h 



< 



C 



ei Jo 



f2-h 



c 



de2 I f3\/^de3 + 





V^i Jo Jo 



£3*3 



whence 



< 



C 



ei Jo 



f~f 



[1 + ^/i) de. 



We can obtain also estimates for ei < 1 using W < 1. Then, combining the estimates for ei < 1 
and ei > 1 



S2[f]is,e,)-S2 f (s,ei) 



Using (1334)1 and ([S^S]) we obtain ^3M\i 
We now estimate the difference 



< 



< 



C 



(1 + V^) Jo 

c 



(1 + de 



L=°(R+,(l+e)^) 



(3.35) 



J [/] (s, £i) — J f (s, ei) in (I3.28P as well as the functions 

J [/] (s, ei) , J f (s, ei). The following result requires to use the same type of detailed estimates 
for a (e, t) used in the Proof of Lemma [ 



Lemma 3.18 There exists a constant C > 0, depending only on 7, such that, for any f, f as in 
Proposition \S.15l ' 



< max 



[j[f] (<,ei),j[/] (t,ei)} 



< 



C 



ei > , 0<t<T, 



(3.36) 



J[/](t,ei)- J[/] (i,ei) < 
V2 MoO^i 



< 



f~f 



L-(R+,(l+e)^) (l + ei)^yo 



c 



y/ede 



f-f 



(3.37) 

L°°(K+,(l+e)T) 



(l + ^l) 



1+k 



87r2 (1 + ei)^ 
for ei>0 , < t < T. 

Proof. Using ((X^ and the fact that W < min ^| and = if 63 + < ei we obtain 

(ESS])- 



In order to estimate 



J [/] (s, ei) — J / (s, ei) we first use p.29p to obtain: 



J[f]{s,ei)-J f (s,ei) 



<Ki+K2 + K3 



00 /'OO 



if3 = 



'0 JO 

poo poo 



hfi — /s/^ 



00 poo 



73/4 /i — 73/4 /i 



Wde^de^, 



Jo 



f if if 2 — 73/4/2 



Wdt^dti. 
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The term Ki must be carefully estimated, with the methods used in the Proof of Lemma 
Using the symmetry with respect to the variables €3, £4 we obtain: 



00 />00 



h 



^0 

00 /"OO 



/4-/4 



"'0 



h + h 



Wdesde^ 

h-h 



00 />oo 



"'0 
Wde^deA^. 



Wdesdei 



We now introduce numbers L > and < /x < 1 as in the Proof of Lemma 
estimate Ki for ei < i as: 



We then 



C 



.1 + x/^) ^0 

C 

< 



l + x/iT Jo 



/s + /a j &3 

/4-/4 



/4-/4 



e4(ie4 
ei < L. 



(3.38) 



On the other hand, in order to estimate Ki for ei > L we introduce an auxiliary parameter 
/i < 1 as in Lemma [3781 and whose precise value will be determined later. We then have, using also 
(HHD: 





1 


< 








+ 


1 








1 


+ 






7^ 



(l-M)ei 
/4-/4 



/s + ./a j des 
(/3 + h) V^de. 

if ei ^ ^- Taking into account the definitions of |M|^oo(jj+ (i+e)-*) ^-i^d Afg we obtain: 



(f 


/4~/4 







/4 - /4 

v/e4de4 ) + 



y/e^de^ + 



V2 2Mo 



f-f 
f-f 



L~(K+,(l+e)^) (ei)^"* ^0 
L°°(R+,(l+e)^) 



/4-/4 



£4^64 + 



with > depending on Choosing /i sufficiently close to one, assuming that L is large, and 
using the fact that 7 > 3 we obtain: 



1 



C 



< 



h-l){^^e^r - (l + £i)^ 

for some 9 < 1. Then: 

V2 MoO^ 



8^2 (l + £i)" 



L~(K+, (!+£)'') (l + £i)'' 



, ei > i 



/4-/4 



^/e^de^ , ei> L. 



Combining this estimate with (j4.7l) in order to include also the contribution of the region 
{fi < L} we obtain: 



V2 MpO^ 

87r2 (l + £i)^ 



-,ii+e)-') [l + eiy Jo 



f-f 



y/^de , £1 > 0. (3.39) 



Notice that C depends only in 7 and 9. We now estimate K2: 

/•CO /'C30 



< 



"'0 



fs — fs 



fifl + /3 



/4 - /4 



/l + /3/4 



Wdesdei. 
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The first two terms on the right-hand side can be easily estimated using tlie boundednoss of / : 

C 



OO /'OO 



/3 — /a 

/O ^0 

On the other hand: 



hh + h 



h-U 



h 



Wde^dei < 



OO /'OO 



.'0 



c 



fi-h 



f-f 



2 Jo 



h — /a 



Z,'~(R+,(l+e)i') 



Then: 



C 



C 



fs — /a 



We now estimate K3. Notice that: 



f-f 



L=»(M+,(l+e)T) 



1+i 



c 



(1 + ei) 



7+ 



< 



I,~(M+,(l+e)T) 



7+ 



(3.40) 



■00 /-OO 



^0 



73/4 — 73/4 



00 /"OO 



f2Wde3de4 + 



fsfi 



Jo 



/2-/2 



If ei < 1 both terms on the right-hand side can be estimated by C 



/4-/4 



d€4. If ei > 1 



we use the fact that at least one of the integration variables €3 or €4 is larger than Then: 



K3,2 < 



(1 + ei 



eir+^io Jo 



/2-/2 



^/e4de3de4 < 



C 



(1 + ei 



>7+ 



2 Jo 



f-f 



de. 



Using also the fact that at least one of the integration variables is larger than ^ we obtain: 



i^3,i < 



de4f3 



/4-/4 



f2W + 



de4 



fs — fs 



fAf2W+ 



+ 



dt?. 



d€4f3 



fA-fi 



f2W+ / de 



dtA 



fs — /a 



/4/2W^. 



Therefore, using the definition of the norms |Hli:,oo(R+^(i_|_5)-y): 



K3.1 < 



C 



de4 



/4-/4 



f2W+ 



c 



+ 



f-f 



L'»(M+,(l+e)T) 



C 



+ 



L~(K+,(l+e)T) 



and, relabelling variables: 



de4f4f2W+ 



de4f3f2W + 



C 



de4 



fa — /a 



f2W 



C 



de3 



C 



deA 



/4-/4 



f2W + 



f-f 



poo poo 



whence: 



^^3,1 < 



(1 + ei 



de4 



/4-/4 



c 



L~(M+,(l+e)^) 



(1 + ei 



< 



i:,°o(R+,(l+e)i') 



7+5 
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Then: 



C 



{l + e,y+^ Jo 



c 



de 



f-f 



L-^(R+,(l+e)"') 



c 



< 



f-f 



L=°(R+,(l+e)T) 



(1 + ei) 



7 + 



(3.41) 



Combining (IXSS)) . dSj!]), (lOO)) . (jOTj) we obtain ((337| . ■ 
Proof of Proposition [37l5l We now estimate the differences {j {t,ei) — f{t,ei)j . We have 
(cf. (I^m ): 



/(i,ei)-/(t,ei) <fo{e,)Qit,e,) / ds S[f]{s,e,)-S f + 

Jo L J 

J^n{t-s,e,) d^\s[f]ite,)-S[f]{tei)\j[f]{s,e,)ds+ 
8^2 ,t / 



r2 (t — s, ei) exp 



ds. 



V2 JO 

Then, using the estimates for fo E L°° (1 + e)^) as well as Lemma [3.171 and (13.36^ : 
C 



/(i,ei)-/(i,ei) 



< 



1 / ^'S 

(l + ei)^+^ Jo 



f{s)-f{s) 



(1 + ei) 



ds / d^ 



L°°(R+,(l+e) 



+ 



(1+^)^) 



8^' 



2 (■* 



+ r!(t-s,ei)exp(- / S f (e, ei) d^ M [/] (s, ei) - J / (s,ei) 



ds. 



By Lemma [3. 181 



/(i,ei)-/(t,ei) 



< 



C 



(1 + ei)^-^ ^0 



f-f 



0(t-s,ei) 







(1 + ei) 



L°°(R+,(l+e)"') 
f-f 



(0- 



L°°(R+,(l+c)T) 



(l + ei)" ^0 



dsfi {t- s, ei)^/eT 



C 



(l + ei)^+5 Jo 
Then, using (t - s, ei) Mo^/el < 1 : 



L~(R+,(l+e)^) 



/-/ 

(s) ds 



-/ede 



(3.42) 



sup 

0<s<t 



(s) < CT sup 

L~(R+.(l+£)^) o<s<t 



+ 9 sup 

0<s<t 



/-/ 
/-/ 



L°°(R+,(l+e)"') 



,(1+0 



+ C sup 

0<s<t VJo 



1 + Ve) rfe ) if < i < T. 



25 



Since < 1 we have: 



sup 

0<s<t 



(s) < CT sup 



+C sup 

0<s<i \Jo 



f-.f 



{s) + 

+ ,(1+0^) 

^1 + de] . 



On the other hand, multiplying p.42p by (l + ^/el) integrating we obtain: 



sup 
0<s<t VJo 



(1 + Vi) de < CT sup 



-CT sup 

0<s<t V-'o 



i+,(l+e)^) 



(1 + y^) de 



{s + 



Then, assuming that T is small we obtain: 

/-/ 



sup 
0<s<t V"'o 



(l + Vi) de < CT sup 

0<s<t 



i+,(l+e)-') 



is). 



Then: 



sup 

0<s<t 



(s) < CT sup 



(s) , 0<t<T, 



and choosing T small we obtain f — f for < t < T. This gives the uniqueness of solutions for 
short times. Uniqueness for arbitrarily long times can be obtained with a similar argument using 
the fact that a solution defined in an interval [0,T] , with T > 0, is also a mild solution in any 
interval [T*,T] with < T* < T and initial datum / (-.T*) at time t = T*. m 

In order to conclude the Proof of Theorem [33] it only remains to show that the solutions can be 
extended as long as supg<j<-p ||/ {t, •)IIloo(][j+) remains bounded. To this end we prove the following: 

Lemma 3.19 Suppose that > 3 and f e L^^ ([0,T) ; L°° (M+; (1 + e)'^)) with T > is a mild 
solutions of \1.10]) . il.ll]) in the sense of Definition \2.i\ Suppose that supQ<j<y |j/ {t, ■)||^oo 
oo. Then, it is possible to extend the solution to a larger time interval [0, T + S) for some d > 0. 

Proof. We recall that / — T(/) for t E (0,T). Using Lemma we then obtain the estimate: 

ll/llL=°(E+:(l+e)T) (^) - 1 1 /o 1 1 (R+ ) + ^ ^^P 11/ ') 1 1 L= (R+ :(l+e)^ ) ^ 



< 



sup / (l + e^)f{s,e)de) + 

0<s<tJ ^ ' / 



Ct[l+ sup 



0<s<t 



i+;(l+e)^) 



sup 

0<s<t Jo 



fis,e)de + 



+ Ct sup ||/(s,-)IIl=o(r+;(i+,)o) I sup / (e)2 /(s,e)de 1 + 



0<s<t 

+ 6 sup |l/(s,-)llio 

0<s<t 



0<s<t Jo 



l+;{l+e)-') 



We now use that the energy ei f {t,e) de remains constant in time for mild solutions (cf. 
Lemma [3.141) . Then, splitting the domain of integration in the regions {e > 1} and {e < 1} we 
derive the estimate: 



0<s<t Jo 



sup / f{s,e)de< sup ||/ (s, •)I!loo(r+) + sup / {e)^f{s,e)de 



0<s<t 



0<s<t Jo 
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By assumption suPq<j,<;j ||/ (s, ■)IIl=o(r+) < C* for < t < T. Then: 

/>oo 

sup / / (s, e) de <, C 

<s<t Jo 



0<s<tJo 

whence: 



1/I1l°°(R+;(1+c)^) (^) - ll/o|lL°°(R+;(l+e)-') + sup 11/ (s, •)llL=(R+;(l+e)^) + 



0<s<t 



+ Ct(l + sup ||/(s,-)llL~(R+;(l + e)-') ) + 
\ 0<s<t / 



+ Ct sup ||/(s,-)|lLoo(R+.(n.e)T) +6* sup ||/(s,-)llL=c(K+;(i+er) ■ 
0<s<t 0<s<t 

Since 61 < 1 it then foUows that there exists t* > Q such that: 

sup 11/ (s, ■)llL~(R+;(i+e)T) < (1 + a) ll/o|lLoo(ji.+.(i_,_g)T) + Cr, 

0<s<t* 

for some a > 0. This estimate can be iterated starting at t = t*. It then folfows, after a number of 
iterations that: 

sup II/(s,-)IIloo(r+,(i+,)t) < C. 
0<s<T 

Then, applying Proposition 13 . 1 21 we obtain that it is possible to extend the solution to a larger 
time interval [0, T + S) . Indeed, suppose that / is defined as / = /^^^ for < t < t* and / = /^^^ 
for t* < t < t** where /(^^ is a mild solution of p.lOp . with initial data /o in the interval 

< t < t* and /2 is a mild solution of (ILTU)) . (fTTTl) defined for t* <t< t** such that /(2) = /(i) 
for i = r . It follows from that / is a mild solution of (fTTUl) . (fTTTl) in the interval < i < t**. 
■ 

Proof of Theorem 13.41 It is a consequence of Proposition [021 Lemma [3.141 Proposition 13. 151 
and Lemma [3. 191 ■ 

4 Monotonicity properties of the kernel Q3 [/]. 

In this Section we recall a crucial monotonicity property of the kernel Q3 [/] that captures in a 
precise way the fact that the cubic terms in (|1.10p have some tendency to yield concentration of 
/ (e,i) to concentrate towards regions with smaller values of e. This property has been obtained in 

m- 

Proposition 4.1 Let (•) as in m.5\) . Let us denote as the group of permutations of the three 
elements {1,2,3}. Suppose that ip S C(M"'") is a test function. The following identity holds for 
any f e L^ (R+) : 

/ deide3de4 qa U) i.'^i) V^'P i<^i) ^ / deide2de3 fi f2 fsG^pif^i ^2 £3), (4.1) 

where: 

Gifi {<^i,<^2,£3) = Q ^ -ffy (<^o-(i), eo-(2), £(7(3)) (eo-(i), eo-(2); eo-(3)) : (4.2) 
H^{x, y,z) = ip{z) + if{x + y-z)-(p{x)-(p (y) , (4.3) 

with $ as in ( [j._?^[ ) and: 

^/v (ei,e2,e3) = (e<T(i),e<T(2),e<T(3)) for any a E . (4.4) 
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Moreover, if the function ip is convex we have (ei, £2, £3) > and if ip is concave we have 
Qip (fii £2, £3) < 0. For any test function ip the function (ei, £2, £3) vanishes along the diagonal 

{(£1,62,63) e(R+)': £1 = 62 =£3}. 

Remark 4.2 The interpretation of this Theorem is simple if we think the process in terms of par- 
ticles whose dynamics is driven by means of the collision terms Q3 [f] . Notice that such dynamics 
can be thought as a classical dynamics in which given three particles two of them are selected as 
incoming particles and the last one is one of the outgoing particles. The energy is the fourth one 
is then determined by means of the conservation of energy. Given three particles with energies 
£1,62, £3 we consider all the processes in which they can be involved, either as initial or final par- 
ticles. The probabilities of these processes depend on the specific choice made of incoming and 
outgoing particles. We then compute the average change of A = X]fc=i V i^k) in these processes. If 
ip is concave the change of A is nonnegative, and if ip is convex, such a change is nonpositive. If 
we take, for instance the convex function ip (e) = e^"^ with r > 0, the monotonicity property states 
that particles tend to move on average towards smallest values of e. 

Remark 4.3 Notice that (£i,£2,£3) — if ip — I or ip ^ e. This could be expected due to the 
fact that the kinetic equation (or the particle interpretation of this process) formally conserves the 
number of particles and the energy. Moreover, we have ^/<p (£1, £1, £1) = 0. The meaning of this 
identity is that the distribution of particles is not modified by the cubic terms of the equation if 
there is only one type of them. Notice that this implies also that Dirac masses g (e) = de=e* with 
£* > are stationary solutions of the kinetic equation containing only cubic terms (cf. U.15\) ). 
This stationarity is the source of many of the technical difficulties in the forthcoming analysis. 

Definition 4.4 We will use repeatedly the auxiliary functions £+, £0, £- defined from x x 
R+ to R+ as follows: 

£+ (£l,£2,£3) = niax{£i,£2,£3} , 
£_ (£l,£2,£3) = min{£l,£2,£3} , 

eo (ei, £2, £3) = efe £ {ei, £2, £3} such that £_ (£1, £2, £3) < £fc < £+ (£1, £2, £3) , 
with k e {1,2,3}. 

Proof of Proposition l47ll Notice that (|4.ip - (|4.3p are just a consequence of the identity 

/ <33 [/] (£1) \/£l¥'lrf£l = / &lrf£2rf£3*/l/2/3 (<y53 + ¥'4 - (^1 - V2) , (4.5) 

combined with a symmetrization argument. In order to prove that 5,^ (£i, £2, £3) has the indi- 
cated signs for convex or concave functions ip, we use the fact that the symmetry of Q^p under 
perturbations yields: 

G^{ei,e2,£3) ^Gv{e+,e-,eo) . (4.6) 
Using (I1.14[) and Definition 14.41 we obtain: 



$(£+,£_; £0) = $(£0, £+;£-) = , $ (£0, £-;£+) = ^(£0 + £- -£+) + • (4.7) 

We have also the symmetry property $ (ej, tf, Ck) = $ (eg, ej] £fc) , j,£, k G {1, 2, 3} . Then, using 
we obtain: 

1 



(£+,£-,£0) ^ ^ {e+,e^;eo) y/^ + (£0, £+;£-) ^/eT + (£0, £_;£+) ^/ (£0 + £- - £^ 



(4.8) 
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and using 

eo) = ^ [v^ (e+ + £- - eo) + </? (e+ + co - £-) - 2.^ (e+)] + 

+ \/ (eo + e- - £+)+ + (y3 (eo + e- - e+) - <^ (eo) - 'P (e-)]] ■ (4.9) 

Suppose now that 1^9 = (e) is a convex function for e > 0. Then: 

^[Lp{e + z) + ip{e-z)]>ip{e) , e > 0, z > 0, e - z > 0. (4.10) 

On the other hand we can prove the following property for convex functions. Suppose that -0 
is a convex function in e > 0. Then for any < ei < £2 < £3 < £4 satisfying ci + £4 = £2 + £3 we 
have: 

^ (ei) + ^ (ei) > ij (e^) + ij (es) . (4.11) 

To prove (|iTT|) we define the function W (z) ^ tp + z)+ifj - z) for z > 0, - 

z > 0. If i/) G we would have: 

^'(o)=^'r^Vv/f^Uo, 
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l^"(z)=^"(^ + z)+0" (^-.) 



z > 0. 



It then follows that W (z) > if z > 0, whence: 

W{z2)>W{zi) if 0<Zi<Z2. 

Choosing zi = £3 - = £3 - and Z2 = £4 - we obtain (|I1T|) . If V does not 

have two derivatives, the result can be proved extending ip as a, linear function for negative values, 
convolving the resulting function with a mollifier and passing to the limit in the desired identity. 

Using (|4.1ip with f = ip and £1 = £+ + £_ — £0, £2 = £-, £3 = £0, £4 = £+ we obtain: 

(£+) + <y9 (£0 + £_ - £+) - ^ (£0) - ifi (£-) > 0. (4.12) 

Plugging (|4.10p . (j4.12p into (|4.9p we obtain (£+,£_, £0) > for any convex function (p. On 
the other hand, a similar argument shows that (£+, £_, £0) < for any concave function ip. This 
concludes the proof. ■ 



5 Estimating the number of collisions between small parti- 
cles. 

The main goal of this Section is to derive an estimate for the number of vectors (£1, £2, £3) G [0, i?]^, 
that we call triples, that are sufficiently separated from the diagonal {£1 = £2 = £3} for R < ^ (cf. 
(|5.22p ). The first step is to derive a precise estimate for the number of "triple collisions" taking 
place in the system. 



Proposition 5.1 Suppose that f is a solution of kl.lOfl . hl.ll]) as in Theorem \3.4\ Let g he as in 
il.l2\} and < T < Tmax. Then, there exists a numerical constant B > 0, independent on /q and 
T, such that, for any i? G (0, 1) we have: 



B 



dt 



_m— 1 



(£o)^ 
J (£+)^ 



£0 - £- 
£0 



< 27ri?* 



dt 



g{e)de\ +MR, (5.1) 



where M 



i2.3\} and the functions £_, £9, £+ are as in Definition \4.4\ 
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Proof. We use (PTM)) . (P?^ . (P?^ with the test function (e) = -0 (-|) , i? > 0, e > 0, where: 

5^ , < s < 1 



1 



s > 1 



, < 61 < 1. 



Let (ci, 62, £3) as in (I4.2p . Then, since the function (ys is concave, Proposition 14.11 imphes that 
(ei) £2, £3) < 0. Using (14.11) we then obtain: 

/ Qa [/] (ei) (ei)rfei 

= / dtidt2dt3jij2hQv{'^i<^2<^3)+ / rfei*2de3 /i /2 /3^/>^(ei £2 £3) 

Using Definition 14.41 and (j4.6p we obtain: 

/ (93 [/] (ei) v^V'(ei) c^ei < / ^£1*2*3 /i /2 /3^v(<^+' <^-' ^o)- 

Using (14. 9p we can compute ^;p(e+, e_, ep) for (ei £2 £3) € [O, -f]^: 



(5.2) 



(e+,e-,eo) 



£++£-- £0 



£+ + £0 - £- 
R 

£0 + £- - £+ 



(5.3) 



i?/ Y R J \ RJ \ R 
Integrating p.24p and using (|5.2p as well as the nonnegativity of ip we deduce: 



~S: [ [. c^ei'^£2'i£3gig2g3 ^'^^^'^'^ ''^° -<^ / rfi 



Jo 



ffl32^' 



Q^deide2de3+ 



+ / 5(£i,0)(pid£i, (5.4) 



where T > is otherwise arbitrary. Notice that, since (p < 1 we have: 

/ g(£i,0)(^id£i < Af. (5.5) 
We now estimate the first term on the right-hand side of (|5.4p as fohows. We spfit the integral 



as: 



3 Veie2 



zQu,deide2de3 



If (£i, £2, £3) e (M+) \ [0, Rf we have (^3 + (^4 - V'l - <^2) = (1 + ¥^4 - 1 - 1) = (<^4 - 1) < 0, 
whence /(R+)3yo [' ' '] — ^- Therefore, using that (p < 1, a.s well as the fact that /jp $c?£3 < 
2v^min{y£r, y^}max{y£T, ^/ij} if (£i,£2) G [0,i?]^ : 

^^/^ Q^deidt2dez < 2 / ^^^^ deide2de3 
i+f Veie2 "'[0,-R]^ V^ie2 

< aVR 9192^ min l^/fT, ^/fi'} max {Vei, \/£2} deide2, (5.6) 
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whence: 



f ^^■^'^^ Q^deide2de3 < iVR [ gig2deide2 = 4:VR i [ gde 



^J^l^2 

Plugging ((53|) . (1121) into ((O)) we obtain 



(5.7) 



1 

2t 



di 



[0,-R] 



gdt + M. (5.8 



In order to derive a lower estimate of (e+, e_, eq) we need some calculus inequalities. To this 
end we define: 

a(X_,Xo,X+) = -Xo)^ + (X++Xo-X_)'-2(X+)^ 
with < X_ < < X+. Then, we write 



a Xo, X+) = a ( |-, 1 ) = (X+)" a ( 0, 



The function (t(0, Z, 1) is decreasing on Z if Z > 0. Suppose that (Xq — XJ) > Then 
c {^1 '^°x^^ ' -'^) — l*-*' 5' -'^) ■ '^'^'^ same convexity argument that was used in the Proof of (|4.10p 



yields a (O, i, l) < 0. Then a i^^, f^, ij < -Ai^e for some Ai^g > if {Xq - X_) > Suppose 
now that X^ < Xq, (Xq — X^) < ^ we can use Taylor's Theorem to obtain a 1^ < 

-A2,e (^^^XT^)' , with A2,0 > 0. Then: 



aiX_,Xo,X+) < -Ae (X+Y 



8 / ^0 



< X_ < < 



with Ag > 0. Since (£1,62,63) G [O, -j]^ we have that the function (p{s) is evaluated by means of 



[-^j in all the terms we then have: 



Ao 



Gip (e+,e-,eo) < — 



R. 



We can assume by definiteness that d — ^. Using (15.81) we obtain: 

1 



B i dt 



d6 1^62^63 



Lfe=l 



e+x'' / 60 - 6_ 



i/^+eo V i? / \^ 6+ 



< 27r/R / / g(e)d6 ] 

\"'[0,i?,] / 



+M, 



where > is independent on R, go and T. After some computations we arrive at: 



B I dt 



Kl3 



deide2de3 



■ 3 

n 9k 

.k=l 



< 



< 2tt\^R'' [ dti I g{e) de] + A/i?" 



Using the fact that 9 <1 and 6+ < i? we obtain {e+f ^ > (i?)^ ^ whence (|5.ip follows. 
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5.1 An estimate for nonnegative sequences. 

We will need the following technical Lemma. 

Lemma 5.2 Let us consider two sequences of nonnegative numbers {Ik\^^Q , {^fcl^Lo satisfying 
the inequalities: 

III E I3<Am (5.9) 

M<k-l 

for any M — 0, 1, 2, ... . Then for any Mq > we have: 

E ^khlj < E V^i^e- (5-10) 

Mo<j<i<k-l Mo<j<i 

Proof. The estimate (|5.9p implies: 

hi ( E ^ 



M- 

\k>M+l J 

Taking the values M = j and AI = i and multiplying the resulting inequalities we obtain: 

i,h ( E ^0 f ^ ^'1 - 

\fc>j+i / \k>e+i ) 
for any j, € = 0, 1, 2, ....Summing this inequality for Mq < j < i we obtain 

E v.f E A f E ^'^l^^ E v/^- 

Mo<j<t \k>] + l I \k>l+\ / Mo<j<l 

Using that, for j < £ we have X]fc>j+i -^fc Z]fc>£+i -^fe '^^ obtain: 

E ^^^^ ( E ^0 ^ E ^ E 

Mo<j<e \k>£+l ) Ma<j<e<k-1 Mo<j<£ 



5.2 From one estimate for the rate of collisions to an estimate for the 
number of triples. 

5.2.1 Notation and some geometrical results. 

As a next step we transform estimate (j5.1l) into a new one that does not contain the power laws of 
e and only contains the measures g. The resulting formula is more convenient to derive estimates 
for the number of particles concentrated near 6 = 0. 

We will need in all the following some suitable notation. Given a > 0, we define a sequence of 
intervals {Ifej^g contained in the interval [0, 1] by means of: 



Ikib) = b-''{1,1 



fc = 0,l,2,..., 6>1. (5.11) 



Notice that Ik (b) = (0, 1] , Ik {b) D Ij (6) = if fc 7^ j. Given a measure g e M+ ([0, 1]) , 
we remark that, if g (e) de — we have: 



/ g{e)de^Y. 9ie)de. (5.12) 
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We need to define also the "extended" intervals: 



if ^ (b) = Ik-i (6) U Ik (b) U Ik+i (b) , k = 0, 1, 2, ... 



(5.13) 



where, by convenience, we assume that X_i [b) = 0. 

We remark that each e G (0, 1] belongs to three sets X^, (b) . It also readily follows that: 



p GO p 

3/ 9{^)de = Y, g{e)de 

J [0,1] fc=o^4 '(6) 



We will write ~ Ik {b) , Ij^ = I^ {b) if the dependence of the intervals in b is clear in the 
argument. 



We also define, for further references, a set Vb of subsets of [0, 1] 



Vb= < A C [0, 1] : A = [_]lk, (b) for some set of indexes {kj} C {1, 2, ...} 



(5.14) 



Notice that the elements of Vb consists of unions of elements of the family {Ik (b)} . The set 
{kj} can contain a finite or infinity number of elements. 

Given A G Pf, we define an extended set A^^'' as follows. Suppose that A — IJjli (b) . We 
then define: 

C30 

We will also need the following family of rescaled intervals. Given R E (0, 1] and 6 > 1 we 
define: {Ik{b,R)}, {jf^(6,i?)} by means of: 

Ik (b, R) = Rlk (b) , jf ) (6, i?) = ifff ^ (6) , fc = 0,1,2,..., (5.16) 
with {Ik (6)} , |lf ^ (6) I as in (jCTl . ([CT^ . We define also a class of sets Vt (i?) as follows: 

T'b (R) = {A c [0, i?] : A = B eVb}, (5.17) 



where P;, is as in (|5.15p . We can also define the concept of extended sets. Given A E Vb (R) , with 
the form A — RB, B E Vb define: 

A^-^) = (5.18) 
We now define the following family of subsets of the cube [0, 1]^ : 

5fl,p = {(61,62,63) e [0,i?]^ : |eo-e-| > peo} , 0<i?<l, 0<p<l. (5.19) 

where we will assume in the following that e_, 60, e+ are as in Definition 14.41 We finally define 
also the sets: 

i3 



lj^i^k{b)^ljib)xle{b)xlk{b)(l[0,iy' , j,fc,^ = 0,l,2. 
Lemma 5.3 Suppose that < R < 1, < p < 1. Then: 



\o-es 

where bR A 1 = min {bR, 1} , N {R, b) 



IJ ^'yU,i,k) (b) 

N{RM)<j<e<k-l 



(6i?)Al,(l-i) ' 



(5.20) 



(5.21) 



M4) 

log(6) 



b=j^. 
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Proof. Suppose that (61,62,63) e S^^p. Due to the invariance of the result under permutations 
of the indexes we can assume without loss of generality that 63 = 6_ < 62 = eo < 61 = e+. The 
choice of N {R, b) implies that there exist £, j such that £2 G 2^, 61 e Ij with j < £. Due to the 
definition of Sa^p and Xe we have 63 < (1 — p) 62 < (1 — p) b~^. Since (1 — p) = b^^ we then have 
£3 < whence 63 G Ufc>f+i^fc- Therefore: 

(ei,e2,e3)e |J I^j^uib). 

N{R,b)<j<e<k-l 

This gives the first inclusion in (I5.2ip . In order to prove the second inclusion, we assume, 
without loss of generality, that 63 = 6_, £2 ~ £0, £1 = £+• Suppose that 62 £ 2i, £1 G 2j with 
j < e. Then £3 < b-^'^+^\ 62 > b^'^'^+^K Therefore |£o - 6-| > p6o if p < (l - |) and the result 
follows. ■ 



5.3 Estimating the number of triples not too close to the diagonal. 



We now prove the following result which provides a precise estimate for the number of triples 
(eii £2, £3) S [0, R]^ whose distance to the diagonal is comparable to their distance to the origin. 

Lemma 5.4 Suppose that g e L°° {[0,T];M+ {[0,1])) , satisfies iS.l]) for any < R < 1 and 
T > 0. Suppose also that J^^j g {e, t) de — for any t G [0, T] . Let < p < 1 and Sr^p as in i5.19\) . 
Then, for any T > we have: 



B 



dt 



< 



2b2R 



' p2 (Vb-l) 
with b as in \5.21]) and R G [O, ^] and B at 



27r 



dt 



[0,1] 



g (e) de 



M 



(5.22) 



in < ro) . 

Remark 5.5 Notice that Lemma \5.4\ provides a general estimate for measures g satisfying 115.1 
even if it is completely unrelated to the equation \1.10]) . 



Proof. We define: 



Notice that (jS.ip implies that: 



J (e+)^ 



£0 - e- 



(5.23) 



B 



fR (t) dt < 



2-K 



dt 



[0,1] 



g (6) de 



M 



< i? < 1. 



(5.24) 



A crucial point in the following is the fact that this estimate is uniform in R. 

Let us select 6 > 1 as in (|5.21l) . We define sets X,,£,fc (6) by means of (j5.1ip . (j5.20l) . Notice that 
20"i,£i,/ci) (^) 1^ ^(j2.^2,fc2) (^) = if (ii,^i,fci) 7^ (^2,^2,^2) • Lemma [5731 as well as the definition of 
iV(i?,'6) in (jOT]) imply: 



/ 



2 



u 

ere S3 



u 

N[^.b)<j<t<k-1 



C 



bR 



1 3 



(5.25) 



Notice that for each j,£,k the sets in the family {la{j,i,k) {b) : cr G S^} are disjoint, except if 
j — £. In such a case the permutation a that keeps k constant and exchange the indexes j and i 
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implies Ia{i,t,k) (b) = ^j.e.k {b) ■ Therefore, each point (ei, 62, £3) is contained at most in two of the 
sets Ia{j,(,k) (b) in (I5.25P and we then have: 



2 ^ 

ere S3 



.m — l 



* (ei,e2,e3) 



(5.26) 



< 



Y[ 9mde„ 



m — 1 



* (ei,e2,e3) 



where: 



Moreover, since 



N[^M)<j<e<k-l 



, ^'(ei,e2,e3) 



(5.27) 



m— 1 



«'(£!, £2, £3) = ^ 



Ij.i.kib) 



m — l 



«-(£!, £2, £3) , 5^ (5.28) 



and the cardinal of is six, (|5.26p implies: 



]^ 5md£r) 



m — l 



^' (£l,£2,£3) 



< 



m—l 



On the other hand, (j5.25p and the definition of fu (t) in (j5.23p imply: 



Vr,, 



Y[ 9mdtr. 



The nonncgativity of g, ^' yields: 



W 9raden 



*(£i,£2,£3) < bRfbRit). 



*(£l,£2,£3) < 



* (ei,e2,e3) • 

(5.29) 

(5.30) 



m—l 



< E 

Ar(|,b)<j<£<fe_/^^-.'.'=W 



W gmder. 



.m—l 



* (£l,£2,£3) ■ 



(5.31) 



Using the definition of the setsX,_^_fe (6) in (j5.20D . as well as (I5.2ip . we obtain that in the integral 
term on the right-hand side of (|5.3ip we have, using that j — £ < k ~ 1 : 



£0 - £- 
£0 



> 1 



We define: 



gde^Ij , j = 0,1,2, 



(5.32) 
(5.33) 



Combining ([07|) . ((53T|) . (jO^ . we then obtain: 



02 



E ^^^^ ^ E 

JV(f ,fc)<j<*;-l Af(-f ,b)<j<f<fc-l 



Ij.e.k (b) 



_m— 1 



* (£l,£2,£3) ■ 
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Using this inequality, as well as (|5.29p . (j5.30p . (|5.3ip we arrive at 



N{§.b)<]<k-1 

Suppose that we write A/ = iV (-j, &) . The definition of (-j, 6) in (|5.21l) then implies: 

M<j<k-1 



whence, keeping only the terms in the sum with j = M and choosing Rm as the solution of 

"Mil' 

log(b) 



M 



we obtain: 



< 



AKk 



f (f) 



-M 



By Lemma [5.21 we deduce: 



E Ik{b)h{b)I,{h)< E \ 

Mo<j<£<k-l Mo<j<i \ 



2bi 



3^2.'"-. 



2bi 



IbRi [t] 



26^ V- y/bfl, (t) fbR, jt) 

3p2 2^ JJ^l 
Mo<]<i ^" 



for any Mq > 



Mi) 

log(&) 



We choose then Mq — 



Mi) 

log(f>) 



We now notice that, due to (|5.25p : 



Y[ 5m den 



<6 E Ik{b)Iiib)I,{b) 

Mo<j<e<k-l 



and therefore: 



< 1^ V y7bB~WhRjf) 
- p2 2^ - 

^ Mo<]<i 



Vb^ 



(5.34) 



Integrating (|5.34p in [0,T] and using Young's inequality we obtain: 



dt 



2b2 ^ 1 
< > , 

Mo<]<t V " 



[/bfl, (t) + fbR, (t)] dt. 



Using the estimate (|5.24l) that is uniform in R we obtain: 

3 



B / dt 



W 9mden 



< 



462 



■T 

2tt I dt 



[0,1] 



g[e)de\ +M 



E 

Mo<j<e 



Using then the inequalities 

y 



hR 



VbP^ 



Mo<j<e 

where we have used the definition of Mq we obtain 

265 

_m— 1 



5- Mo 



B / dt 







2 



T 

2tt / rft 







[04] 



g{e)de\ +M 



bR 



Vb- 1 



and (|5.22p follows. 
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6 A Measure Theory result. 

We now prove the following measure theory result which will play a crucial role in all the remaining 
part of the argument. 

Lemma 6.1 Suppose that b > 1 and let us define the intervals {Tk (&)} , l^^i^' (^)| in i5.11\) . 
S5.13\) . Let Vb as in I5J3I) and A^^) as in i5.14\ ) for A ^ Vb- Given < (5 < |, we define 

{0}; 



rj — min { (I ~ f ) j f } > 0. Then, for any g £ [0, 1] satisfying /rgi gde = 0, at least one of th 



following statements is satisfied: 

(i) There exists an interval (6) such that: 



I gde >{l-5) [ gde, (6.1) 
(ii) There exists two sets lAi,lA2 G Vb such thatlA2 H — and: 



min <^ I gde, I gde > > rj gde. (6.2) 

'Ui Ju2 ) "'[04] 



Moreover, in the case (ii) the setUi can be written in the form: 



L 

Z^i = U Ik^ (6) , (6.3) 



for some set of integers {kj} C {1, 2, 3, ...} and some finite L. We have: 



' m— 1 

riE) 



2:fc„ (&) n I U X[.f ) (b)] =0 , m = 2, 3, ...L (6.4) 



and also: 



V [ / gde] < ( [ gde] + V / gde [ gde, 
/ gde < (1 - (5) / gde. 

flk,{b} J [OS] 



(6.5) 
(6.6) 



Remark 6.2 The choice of the sets Ui, U2 is not entirely symmetric. The property I6.4\l holds 
forlAi but not for U2. 

Proof. Since the result is trivial if ^ gde = we can assume without loss of generality that 
JjP (jde — 1 replacing, if needed, g by -j-^-^- We will denote as Qi the family of intervals 
{Ik (6)} . Using that Jjqj gde = we have: 



^ gde^ gde = 1. (6.7) 

X^g^Jl J[0,1] 



We define: 

ai = max i I gde :T £ Gi \ = I gde , Im) e Gi. 
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Since the sum on the left of (j6.7p is finite, it foUows that this maximum exists. The interval 

1(1) does not need to be unique. Since f (e) gde > ai, if ai > (1 — (5) , we would have (|6.ip with 

(1) 

Ik (6) — 2^(1)- Suppose then that ai < {\ — 5) . We define Q2 as: 

Notice that Q2 dGi- We define now: 

02 = max I j gde : I G t/2 1 = j gde , 1(2) e ^2 ■ 
If [t{e) ^(e) gde < [1 — 5) we continue the iteration procedure and define sequentially sets Qk-^ 

(1) ^ (2) 

values ak and intervals I^k) b& long as we have j. .t-i (b) gde < (1 — (5) : 

efc = {z\i;f2^) :legfc_i} , fc = 2,3,..., 

Uk = m.a.x I^J gde : I e Gk^ = J gde , I(k) ^ Gk- (6.8) 

Due to (16. 7p . iterating the procedure, we eventually arrive to some integer value M > 2 such 
that: 

/ gde > (l-S) and / gde < (1 ^ S) . (6.9) 

We define Z^i = \jf=i^^ij), U2 ^ [0, l]\u[^\ Notice that U1M2 & Vb and U2r\U['^^ = 0. We 



prove now that (|6.2p holds for some 77 > 0. To this end we consider two different possibilities. 
I or ttM < |- 



Either gm > i or om < |- Notice that in both cases the second inequality in (16.91) implies: 



/ gde > S. (6.10) 



Suppose first that qm > g- Then J^^ gde > Jj- gde — ai > um > |. Therefore (E^l) holds 
with = I . Suppose now that um < | ■ Then, using the first inequality of (|6.9p we obtain: 

(l-5)< [ gde< [ nde+ [ gde. (6.11) 

Notice that the definitions of aM, ^(m)' families Gk imply: 



gde < 3a M < 77, 



7-(-B) \,/(-B) Z 

because I^jJ) \ contains at most three intervals of the family Gm- Due to the definition of um, 
the integral of g over these intervals is at most gm. Therefore, (|6.1ip yields: 

l-f)</^,,,... (0.12) 

We now remark that: 

» M-l „ 

/ gde = y / gde, (6.13) 

/, ,(E) ^ ^ / (E), . (E) ^ ^ ^ 

•^"1 fc=i -^2;,^, \Uj=i ifj) 
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where we assume that Uj=i^(j^'' ~ ^- Notice that, by definition of the sequence {ak} and the 
extended intervals l'^'^^ we have: 

/ gde < Safe = 3 / ode. (6.14) 

Combining (j6.12p and (I6.14p as well as (|6.8p and the fact that ^^U) — <2S ii k ^ j wc obtain: 

) < 3 V / gde = 3 [ gde ^ 3 [ gde. (6.15) 

/ fc=i -^^w ^t'Ji'^m 

Combining (|6.10p and (|6.15p we obtain (j6.2l) with 77 — min{(i — |) ,(5} . Using the result 
obtained if om > | we then obtain that (|6.2p is valid in all cases with 77 = min {(i — |) ,|} . 

It remains to prove (j6.3p - (j6.6l) . Note that (|6.3p . (j6.4p just follow from the definition of the set 
lii. In order to prove (|6.5p we use the fact that the sequence {afe}j,^x nonincreasing and: 



/ gde^aj , j = 1, 2, (M - 1) , 
JXk, (fc) 



whence (j6.5p follows. Finally (j6.6l) is a consequence of the construction of the sequence of intervals 
Ixk (b) 5*^^ ~ ^^^^ ^'^^ '^^''^ that in this case ai < {1 — S) . ■ 

We will need a rescaled version of Lemma 16.11 



Lemma 6.3 Suppose that 6>1, 0<i?<l. We define intervals {Ik [h, i?)} , l^^f,^'' {b, -R)| as in 
I[5l6\) . Let Vb (R) as in [5J7\ ) and A(^) as m ifOg|) for A e Vb {R). Given < 5 < |, we define 

f{0}- 



rj = min { (5 ^ f ) j f } > 0. Then, for any g G jM+ [0, i?] satisfying gde — 0, at least one of the 



following statements is satisfied: 

(i) Either there exist an interval Ik {b,R) such that: 



[ gde>{\~5)[ gde, (6.16) 

(a) or, either there exist two sets Ui,U2 G Vb {R) such that U2C^U{ ' = and: 



gde, I gde \ >ri gde. (6.17) 



Moreover, in the case (ii) the setlAi can he written in the form: 



L 

Ui = \Jlk,{h,R) (6.18) 



for some sequence {kj} and some finite L. We have: 



^0 i 

' rn—l 



and also 



Ik,^ib,R)n\ y I^f (6,i?) I =0 , m = 2,3,...i, (6.19) 



E f / 9de] <( f gde] + J] / gde f gde, (6.20) 

[ gde <{1-S) ( gde. (6.21) 

JIk^{b,R) J[0,(i] 
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Proof. It is essentially a rescaling of Lemma 16.11 It can be obtained just defining a new set of 
variables e = j^. The sets Ik (b) ,Ui, U2 in Lemma [6.11 are then transformed in the sets stated in 
this Lemma by means of the inverse transform e = Re. ■ 



7 Lower estimate for the triples in [0, R}^ in terms of those 
which are separated from the diagonal. 

We now prove that for the times in which the second alternative in Lemma EH] holds (cf. 16. 2L it is 
possible to estimate the total number of triples contained in [0, i?] by means of the triples which 
are separated from the diagonal {ei =62 = £3} . 

Lemma 7.1 Let 0<(5<|, 0</9<l. For any R E (0, 1) we define Sr^p as in I15.19\) . Let us 
assume also that b — jjhj;^- Then there exists ly ^ ly {5} > independent on R and p such that, for 
any g G Ai^ [0, R] satisfying J^^j gde — if the alternative (ii) in Lemma \6.3\ takes place we have: 



.m— 1 



> ly \ I gde 

'[0,R] J 



(7.1) 



Proof. Using the second inclusion in (|5.2ip of Lemma [531 we obtain: 





' 3 








gmdCm 




E 


^bR,p 


_m—l 




N{R.b)<j<l<k 



)(b,R) 



(7.2) 



where: 



^aUAk) (b, R) = [b, R) X J^(^) (6, R) X I^(fc) (6, R) 

,i3 



We define the action of the permutations semigroup in [0, i?]"^ by means of the mapping 
(£1,62, £3) — > (£cr(i)7 £cr(2)j £cr(3)) ■ Noticc that the subsets of the family {Ik (b, R)} are ordered by 
means of the order relation which says that J7m < J^k if for any ei € J7m and £2 G we have that 
£1 < £2- 

We now restrict ourselves to the case in which at least two of the intervals are contained in Ui . 
The third one can be either in Ui or W2. More precisely, we define the following sets: 



3^0 = 



3^1 - 



3^2 - 



3^3 



U U U U ^ ^ ^"'^ ^ '^'"^ ) 

U U U U ^ ^ ^ ) 

[j-^l <J^2 <^^i CW2 ,J^2 .-7^3 CWl] "1 ™2 "13 

[j™i<J'„>2<-7™3:J'miCWl,J™2CW2,J',„3CWl] ™1 ™2 "13 
[Jmi <J„i2 <-7™3 ; Jmi CWl , CWl, J'„3 CW2] 



"ii m2 ni3 



3^ = 3^0 u 3^1 u 3^2 u 3^3- 



(7.3) 
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We now claim that the set y is contained in the union of sets la(j.i.k) (^i appearing in the 
right-hand side of (j7.2p . (Notice that we impose there that N {R, b) < j < £ < k~l in that union). 
Indeed, we have to consider several possibilities. Suppose first that G l^i and e U2- Then 
we have Jmi H J'm2 = whence we would have ^ < A: — 1 as in (j7.2p . If J^i G and € 
we argue similarly. Suppose finally that J7mi G and G . Then, the property (|6.19p yields 



also Jnii ri J7m2 

Therefore: 



0. 





" 3 












E 


_m— 1 




N{R,b)<i<l<k 



whence, using also (|7.2p : 



.m— 1 



< 



m— 1 



(7.4) 



Notice that, due to (I6.17p . since alternative (ii) holds, we have: 

/ \ 3 

1 



gde\ < -5- / gde] / gde, 
[o,_R] / T \Jut J Ju2 



(7.5) 



where ry is as in Lemma [ 

We then need to prove that it is possible to estimate the right-hand side of (j7.5p by means of 
the integral on the left-hand side of (j7.4l) . In order to check this we just notice that the product 



( lui 5^^) Iu2 ^'^^ '^^^ written as the 



gde 



Jrr. 



gde. 



U2 



We decompose this sum in two types of terms, namely: 
5i = > ; I / gde\ i I gde 



S2 = 



E 

1 eUl , j"„2 eUi ,j7"„3 GW2 ; Jn.i 5^ 



E / gde] gde, 



gde\\ I gde 



To check this we just notice 



The integral 5*2 can be estimated by means of nm=i gmden 
that all the sets of the form Jra^ x J™^ x J^^ with Jra^ e Z^i, Jm^ € Ui.Jm^ € Z^2, Jim 7^ Jn. 
are contained in U 3^2 U 3^3. Therefore: 



^2 < 



y 



W gmder. 



(7.6) 



It only remains to estimate Si. To this end we use (|6.20p . Then: 

2 

Si<' ^ 



(f gde] f gde+ V V/ gde f gde f gde = Sis + Si,2, (7.7) 
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where the meaning of the sets (b) is the same as in the Proof of Lemma |6. II 

The term Si^2 in (j7.7p consists of the sum of integrals in sets of the form {b, R) x 1^^ (b, R) x 
Jms with j = 2, 3, ... and S U2- These sets are contained in U 3^2 U 3^3. Then: 



^1,2 < 



(7.8) 



We now estimate the term Si^i. We write U2 — Um-^m- Due to (|6.17p . as well as the fact that 
Z*j nx|,^' {b, R) = 0, we have at least one of the two following possibilities: 



9de>\ / gde 
U2 



or: 



Suppose that (|7.9p takes place. Then: 

/ \ 2 



gde>- / gde. 



(7.9) 
(7.10) 



< 2 



U„.2:*„;I;^<Ifcj(6,fl) 



gdt. 



since it is 



The right-hand side of this inequality can be estimated by 2 nm=i gmd^n 
possible to write the term on the right as the sum of integrals on sets with the formZ*j xl^^ (6, R) x 
T-k, ib,R). 

Suppose now that we have (I7.10p . Combining this formula with (|6.2ip and (|6.17p we obtain: 



gde <{1-S) / gde < 



Ifci {b,R) 



(l-S) 



10,R] 



gde < 



77 



gde, 



whence: 



^1,1 < 



< 



2(1-^) 
V 

4(l-<5) 



gde 



gde 



U2 



gde 



U™2:^.;2:^.>2:fci('',-R) 
\ 2 



gde 



Ifci (b,R) 



gde 



U,„2:™;2:™>2:fci('',-R.) 



The right hand side of this inequality can be estimated by — - Jy^^ Y[m=i 9mder, 
then obtained that: 

4(l-<5)\ / T-r , 

11 9mder, 

m— 1 



We have 



Si,i < max <^ 2, 
which combined with (17. 8p yields: 

< max < 3 



Y]^ gmden 



ni — 1 



Combining this formula with (17. 6p and using (|7.4p we conclude the Proof of the Lemma. 



42 



8 Estimating the rate of formation of particles with small 



energy. 

In this Section we prove several estimates whose meaning is the following. If we have a solution / 
of (|1.10p . (jl.lll) in the sense of Theorem 13.41 defined for < i < Tq for some suitable Tq depending 
only on the mass and energy of the initial distribution, then either the alternative (ii) in Lemma 
16.31 takes place during most of the time for small R, something that contradicts (j5.22[) . or the 
alternative (i) in Lemma takes place for most times with b sufficiently close to one. In this second 
case, if the initial density of particles is not too small near e = 0, there would be a large transfer 
of particles towards small energies and this would contradict the conservation of the total number 
of particles. The consequence of this contradiction is that the maximal time of existence for the 
solution / must be smaller than Tq. 

The precise way of obtaining this contradiction is to estimate the measure of some subsets of 
[0, To] for which precise information about the concentration properties of g over them are available. 
We will then prove that the total measure of these sets, which cover the whole interval [0,To] , is 
strictly smaller than Tq. 



8.1 Defining some subsets of [0,Tq] . 

We assume in all the following that / is the solution of p.lOp (|l.lip . given by Theorem 13.41 for 
t G [0, Tmax), with initial data /o € L°° (IR+ : (1 + e)"*^) and 7 > 3. We then consider the hmction 
g defined by P^T^ . 

For aU n = 0, 1, 2, ... let i?„ = 2"". For any 6*1 > 0, 02 > and < Tq < T^ax we define the 
following sets: 



= jte [0,To] 



g{e,t)de>{Rer , 0,1,2,... (8.1) 

[0,Re] J 

We also define the sequence bt = 1 + {Ri f^ , £ — 0,1,2, ... and the sets: 

g{t,e)de>{R,+ifA , (8.2) 



An^e ^ I* ^ f*^'"^"^ ■ ^^^^ ^^^^ J IE) 



for ^ = 0, 1, 2, .., n = 1, 2, 3, ... We recall that I„ {bi, Ri) has been defined in (|5.16p . 

Notice that we have I„ {be. Re) C [0, i?^] for all n — 1,2, ... . This is the motivation of the 
definitions of the sets above. 

The following result is basically a consequence of Lemma 15.41 and Lemma 16.11 

Lemma 8.1 Suppose that fo e L°° (M+ : (1 + e)'') with 7 > 3. Suppose also that foy^de = M, 

ir foi^r de = E > 0. Let f e L,?J[0, T^ax) : (K+ : (1 + e)'^)) be the unique solution of 
\1.10]) . U.ll\) which has been obtained in Theorem \3.4\ defined for a maximal time interval [0,Tniax) 
with [OjTniax) < 00. Given Oi > 0, O2 > 0, let us define the sets Bn, An/ as in i8.1\) . i8. 2\) and 
rii as: 

= U A„,, C [0,T„ax] , ^ = 0,1,2,... 

n>l 

Then, there exists Oq > such that, i/min{0i,02} < ^Oi we have: 

117,1 <^^(l+T„,ax)-R^''^"^'^ 

for some K = K (M, 9i) and for any ^ = 0, 1, 2, .. . 
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Proof. We apply Lemma [6.31 with (1 — (5) = 2^^^ and b = bg. The definitions of the sets and 
A„^£ show that fli is the set of times t in [0, Tmax] for which the alternative (i) in Lemma 16.31 does 
not take place. Therefore, the alternative (ii) takes place. We can then apply, for such times. 
Lemma mi which combined with Lemma [531 (cf. also (jS.!!) ) gives the following estimate: 



(Ri) 



301 



2b]bfR,_ 



Bupj (VE^- 1) 



27r 



dt\ I g (e) dt 

'[0,1] 



M 



where is related with bi as in Lemma 17.11 whence = 1 — ^ . We estimate the terms between 
brackets in the right-hand side in terms of the total number of particles. Therefore, using Taylor's 
expansion, it follows that there exists K = K {M, 9i) such that: 



XQidt < KR 



whence the result follows. ■ 

We define a new family of sets Ai by means of: 



1-36(1-46(2 



(1 + r,„ax) 



+ 1 



Al= y An, 



Lemma 8.2 Under the assumptions of Lemma \8.1\ we have: 



(Bi \ Be+i) n y An,e\Ai 



/or ^ = 0,1, 2,.... 

Proof. Notice that for n > 



log(2) 



log(f)«) 



2 > 



log(2) 
log{bi) 



1 the extended intervals In {be,Ri) which 



appear in the definition of the sets An^i arc contained in ^ e < fe^ 
Then, if < G Un>i An,i\Ai we have: 



+ 1 



Ri — -^Re < Re+i 



[ g{e,t)de> f gie,t) 



de. 



for some no > 



log(2) 



log{be) 



2. Therefore, due to the definition of An^^e 



On the other hand, if t G {Be \ S^+i) we have: 



gie,t) de>{Re+iy 



g{e,t)de>iRer , / g ie,t) de < (Ri+^p , 

[0,Ri] J[0,Re+i] 



but this gives a contradiction unless {Be \ -B^+i) H (^lj„>]^ An/\Ai 
Lemma 8.3 Under the assumptions of Lemma \8.1\ we have: 

\{Be\Be+i)\Ae\ < K {Ref , 
where K — K {E, M, 0i) and a are as in Lemma \8.1\ 
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Proof. Due to Lemma we have: 



{Bi \ Be+i) \ Ai = {Bi \ Be+i) \ \J A^j. 

n = l 

Then, since {Bi \ B^+i) \ U„>-^ A,i^e C Be\ \J„^j^ A^^i, we obtain: 

{B, \ Be+i) \AeCBe\[j A^j = VLi. 



Using Lemma ISTTI the result follows. ■ 

We now proceed to estimate \Ai \ . This is the crucial step where the properties of the kinetic 
equation are used. More precisely, we derive some detailed estimates for the lifetime of the possible 
concentrations of mass of g at regions of order Ri. These estimates will be obtained using suitable 
test functions that solve some kind of adjoint equation of (ll.lOp . p. lip . The choice of these test 
functions is made in order to show that, if the measure g is very concentrated, then the particles 
transported towards smaller sizes remain there for sufficiently long times. As a preliminary step 
we describe the construction of the test function. 

We need to introduce some additional notation. Given t E Ai there exists at least one integer 

N = N{t)€[l, [^^] + 1} such that g (t, e) de > {R,+if' . If different possible 

choices exist, it is possible to define a measurable function N (t) with this property. 
We then have the following result: 



Lemma 8.4 Suppose that the assumptions of Lemma \8.1\ hold. Given 9i > 0, 62 > such that 
(1 — 29i — 62) > we define the sets Bn, An^i as in iS.l]) . i8.2\) . Let us assume that there exists 
To e [0, Tmax] such that 



To 



g{t,e)de\ dt^K2{Riy 



with 



K2 = 



V2- 1 



(8.3) 



Then, there exists a function if G L°° ^ 



0,To 



) ) satisfying the following properties: 



0,Tn 



(i) 0<ip (t, e) < 1 for {t, e) G 

(ii) f (t,-) is convex in for each t € 0, Tq 
(Hi) supp {(p (t, •)) C [0, ^] for each te 0, Tq 
H ipie,t)>^ for < e < (^) f , < t < To 
(v) The following inequality holds for < t < Tq, e > 



2iRf. 



Proof. We define the functions: 



5253 (ei + £3 - £2) - <^ (ei)] de2de3 > 0. 



(8.4) 



To 



w{t) = 



2iRo 



XAi {s)uj{s)ds, 

(£3 - £2)3253*2*3, 



(8.5) 
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where (s)^ — max {s, 0} . We then define the function ip (e, t) by means of the formula: 

ip{t,e) = ^ (e + n(t;fo)). (8.6) 



Properties (i), (ii), (iii) can be immediately checked. In order to check (iv) we notice that the 
definition of K2 (cf. 18. 3p implies: 



^^(i;To)<(^^jf , 0<^<fo (8.7) 
Indeed, we have (cf. (|8.5p ): 



f^(i;To) < / "x^Jt) f /, o{t,e)de] dt 



2t 



{bj - 1) 1 A- R 

22 22 

where we have used the definition of Ae (cf. (18. 2p ) and iV (i). Therefore: 

/ \ 2 



' YA.. „ fi) ( ) 

{.Gl(f,>,(6,,i?,,)} 



We 



notice also that 1' (C) > 5 if C < (^^) ^- ^ < e < (^^) ^ ^e have, using ((57|) : 

whence (iv) follows. 

It only remains to check (v). The convexity of ip (t, •) implies: 

ip{e + e3-e2,t)~ip (e, t) > (£3 - £2) (e, i) for < £2 < £3- 

Then, using also ([531), (EH): 

dt'p{e,t) + I [ g2g3[(p{£ + e3-e2,t)-(p{e,t)]de2de3 

> dtf {e,t) + {e,t) [ [ 0293 {£3 - £2) de2de3 

22i?f C£ J J{e2<e3, £2,£36l<f(l)(fcf,fl£)} 

= *'(£ + r! (i; To) ) hc^ it) + uj it)] = 0, 

whence the Lemma follows. ■ 

We now prove the following result. 

Proposition 8.5 Suppose that the assumptions of Lemma \8. 1\ hold. Given 9i > 0, 62 > such 
that (1 — 26*1 — 6*2) > we define the sets Bn, An,£ as in I18.1\) . I18.2\) . Let us assume also that 
f > 0. Then, there exists p — p (E, M,v,9i,92) such that, i//(£,0) = fo [e) > v in e € [0,p\ for 
some < p < 1 we have: 

\Ai\<K2iRe)'-^'''-'\ (8.9) 
for £ > and where K2 is as in iS. 
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Proof. We must consider separately two cases. Suppose first that: 
rTo ( r V 

YA. (t) I , 

'{e6l<f,{,(&,,fl,)} 







XAAt){ L _ Q{t,e)de] dt<K2iRi)' '\ (8.10) 



where if 2 is as in (|8.3p . 

Then, using the definition of Ai (cf. (|8.2I) ') we obtain: 



\Ae\<K2{Ri) 



i-2ei-6>2 



and dHU) follows. 

Let us assume now that: 



To ^ 



" \-^{'ei<f^(;>,.i?,)} y 

Then, the continuity of the integral with respect to the domain of integration implies that there 
exists To G [0, Tmax] n A(^i such that: 



XAAt)[ L Q{t,e)de] dt = K2{R,)'-'\ (8.11) 



YA. (t) I I 

{eGl<,%(6,,fl,)} 

Using (j3.24p . and symmetrizing the integral containing the cubic terms in the same way as in 
the derivation of (|4.ip . we obtain: 

9t ( [ gifde) = I gdtipde + \ [ [ [ ^^^^^^G^deide2de3+ 
\Jr+ / Jk+ 22 je+ je+ jR+ v^i'^2e3 

+ J/ / / ^^p^Q^deide2de3 , a.e. t G [0, r,„ax] , (8.12) 
^ 7r+ Jr+ Jm+ v^ie2 

where is as in (|4.2p . (|4.3I) and, symmetrizing in ei, £2 in the quadratic integral we can take: 

Qv = [V' (^7 £3) + f {t, ei + £2~ es) - 2ip {t, a)] . 
Using the symmetry of the function we can write the cubic term in the equivalent manner: 

y^deide2de3 ^—111 , y^deide2dez 



22 JR+ JE+ JR+ ^J^1^2^3 22 J J J{ti<(2<i3} 

with (cf. gH)): 



^/i^^ (ei, £2, £3) = -IT b (£1 + £3 - £2) + (£3 + £2 - £1) - 2(^ (£3) 



w (£2 + £1 - £3)+ 

Q)^' (£1, £2, £3) = ^ [</5 (£3) + (£2 + £1 - £3) - ^ (£1) - (£2)] , 

where the dependence of the function (^5 on t will not be made explicit unless it is needed. We now 
select the function as in Lemma 18.41 Since (p {t^ ■) is convex we have, arguing as in the Proof of 
Proposition l4.1l 

(£1,62,63) >0 , ^(2) (61,62,63) >0. (8.13) 
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Then, since g > we obtain, using (|8.12p : 

dt / g(pde I > / gdt^pde+ 
\7r+ / JR+ 



25 



2 JR+ Jr+ Jr+ -\/eie2 

a.e. t G [0, Tmax] ■ Using now that Q^^^ (ei, £2, €3) > f {ei + £3 — £2) a/ei- We now add and substract 
V (^i) ^/^■ Since (£3 — £2) > it foUows that the support of ip (£1 + £3 — £2) is contained in the 
region where £1 < Therefore: 



2i 



^ ^ ^ ^lMLt;(i)rfei&2d£3 (8.15) 



- ^riri^ /. „ ,51*1 / /, , , 0253 (£i + £3 - £2) - (£i)] c^£2d£3+ 



22Rf J[e,<SAj J i{e2<e3, e2,e3el<f(l)(6«,i?^f)}' 

^^"^ ' gWidei I I 5253rf£2rf£3- 



22R/, J|,i<£l} J J{e2<e3. e2,€3eI^''(l)(&f,-Rf)} ' 

On the other hand we can estimate the quadratic term in (j8.14p as: 

J J J -^ig=$Q^deide2rf£3 > -2 J J J ^^^^^^{^x) dt^dt^dt^,. (8.16) 
Using the definition of $ we obtain: 

yyy -^<i>(p(£i)d£id£2rf£3 

< [ g i<^i) ^ (ei) [ 32*2 / d£3+ I g{^i)f{^i)d€i I / d£3 

J V^l Jo Jo J Jei V*^2 Jo 

//>ei /" />oo 

5 (£i) (£i) v/fi&i y g2d£2 + 2 J g{ei)(p{€i)d€i J g2^/^dt2 



<A{E + M) / 5(ei)^(ei)d£ 



Taking into account that ip satisfies (|8.4p as weU as (I8.14p . (j8.15l) and (j8.16p we obtain: 
dt( I gipde] > ( giVidei [ [ 5253*2rf£3- 



/r+ / 22Rf J J J{e2<e3, £2, e3ei;v'(!) 

-2n {E + M)ip{ei), 

and after a symmetrization argument: 

dt([ g^de)>^^^( [ g{e)de] ( g^pde - 27t (E + M) ^ (e^) . (8.17) 

VJr+ / 22 Rj, yJx'-^^^^(be,Re) J JR+ 

We recah that the construction of the function ip imphes: 

^(£,i)>i for 0<£< f^^j ^ , 0<t<fo. (8.18) 
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Then, Since / (e, 0) = fo{e) > in e £ [0, p] and using also that £ > (whence Ri < p), 

we obtain, using also (|8.18p : 



50 ie)ipie,0)de>2iy, 



V2-l\Re r— 
— = v\ Ri 



Integrating the differential inequality (|8.17p we then obtain 



2^2 



(8.19) 



j g (e. To) ^ (e, Tq) dt >v^J ^^^^-jJ- exp (-27r {E + M) To 



1 



To 



X exp 

' 2^Re Jo 

whence, using the definition of Tq (cf. (j8.1ip ') 



g (e) de dt 



de> V 



'V2-1 
2V2 



exp ( -27r (£■ + Af ) To ) exp 



25 i? 



y .g (e, To) f (e, Tb) rfe > v./rJ exp (-27r {E + Af) Tq) 



exp 



2HR,f 



Choosing p — p (Af , i?, 6*2) sufficiently small satisfying 

v^J exp (-27r (£; + A/) To (Af, E)) exp 



2\/2 



2t {R, 



> M, 



we obtain a contradiction, since R{ < p and < 1. This implies (j8.10p and the result follows. ■ 
We can estimate now the measure of the sets {Bi \ . 

Lemma 8.6 Suppose that the assumptions of Provosition [E75\ hold. Then, there exists /3 > and 
K3 K3 (M, E,0i) > such that: 



\{Be\Be+,)\<K3{RiY 



Proof. The result is a consequence of Lemma 18.31 and Proposition [531 We choose 
/3 = min {a, 1 - 26li - 6*2}. Then: 

\{B,\Be+i)\ - \{Bt\B,+i)\AA + \AA < {K + K2) {Rif , 

whence the result follows with K3 = {K + K2) ■ ■ 

We can obtain then the following estimate. 

Lemma 8.7 Suppose that the assumptions of Proposition \8.5\ are satisfied. Suppose that L > 
'°s(i) Then- 

log(2) ■ 



\Bl\< 



1-2-/3 

where — Kj, (Af, £', 61) and (3 are as in Lemma 
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Proof. We write: 

oo 

BL=[j {Be\Be+i), 

l=L 

whence, using Lemma [8.61 



=L e=L 



8.2 A lower estimate for the mass in a given region. 

We prove now that the mass in a smaU interval containing the origin cannot decay too fast. 

Lemma 8.8 Suppose that J^^ pj gode > mo > 0, god& = M > mo, ^gode = E > where 
< p < I. There exists Tq = To (M, E) > independent on p and mo, such that for every solution 
f(zL°° ([0, To] ; M+) of HTI^) . f7j7]) such that f (e, 0) = ^ we have 



/ g{€,t)de>^, 



Remark 8.9 Notice that this Lemma assumes the existence of a bounded solution f of il.lO\) . 
il.ll}) defined in the interval t G [OjTo] . The "goal" of the argument is to prove that such solution 
cannot exist. 

Proof. Let us denote as (f = Lp (e) the test function: 

P ^ 

Using p.24p . as well as Theorem 14. 11 we obtain: 

^ / />oo \ -j^ /"OO />oo /"OO g g g 

at \Jo J 22 Jo Jo Jo V^ieiea 



3- 

.9152*, 



where: 



2 Jo Jo Jo 

Qip = b (£3) + <^ (ei + £2 - £3) - 2^5 (ei)] , 



Q^deide2de3, 



$ = min (^y/e^, y/e^, y/e^, ^ (fii + €2 - £3)+) ■ 
Theorem 14.11 vields (ei,e2,£3) > 0. Therefore: 

j^(^j\{e)^{e)d^ >-7r^"^°°^°°^ig^(6i)&ide2d£3. (8.20) 

We estimate the right-hand side of (|8.2Qp sphtting the integral as follows: 

COD /'OO /'OO A. /'OO /'£! /'OO /T. 



^00 ^00 ^00 g g ^ /'OO nei POO ^ ^ ^ 

/ / / Vi— -jg (£1) deide2de3 ^ / dei / de2 / ' ]' ^ ^ ip (ei) de3+ 
Jo Jo Jo Jo Jo Jo 

+ / dei [ de2 [ ^^/^^ y^ (fi) ^£3- 
Jo Jei Jo V'^i£2 



50 



Using the definition of $ we obtain: 

f°° n f°° ffiff2$ f°° 

/ dei I de2 / y?(ei)&3 < 2 / Lp {ei) ./elgidei / 32^62 

Jo ^0 ^0 v£i£2 Jo Jo 

<M^p <f{ei)gidei. 
Jo 

We have also: 

dei I de2 



/ dei / d€2 / ]' ip{ei)de3 < dei de2 

Jo Jci Jo V'^1'^2 Jo Jei Jo 



5132 



.^(ei)de3 



< / ip{ei)gidei / ^2 (1 + £2) de2 = (M + £;) / ip{ei)gidei. 
Jo Jo Jo 

Combining (I8.20p with these estimates we obtain, using also < p < 1 : 

g{e)^{e)de^>-7r[MV2+{M + E)\J^ g{e)p{e)de. 
Integrating this inequality we obtain: 

n2p poo 

/ g{e)de> g {e) ip {e) de > ^ exp (-tt mV2 + {M + E) 
Jo Jo 2 V L 

l°g(2) _ 



^T\M^/2+(M+E) 



whence the result follows if we assume that To 
We now prove the following: 

Lemma 8.10 Suppose that the assumptions of Lemma \8.8\ are satisfied. Let p — for some 
L = 0,1, 2, .... Let us assume also that 61 > 0, > (p)^^ • Then: 

[0,To]^Bl, 

with Bl defined as in h8.1\) and To as in Lemma \8.8\ 
Proof. It is just a Corollary of Lemma [ 



9 End of the Proof of Theorem 

Proof of Theorem 12.31 Let Tq {M, E) be as in Lemma 18.81 Suppose that the maximal time 
of existence T of the solution of (jl.lOD , (jl.llD whose existence has been shown in Theorem 13.41 
satisfies T,„ax > To {M, E) . Suppose that we choose 6*1 > 0, 6*2 > compatible with Lemma 18.11 
and Proposition 18.51 We then choose p as in Proposition 18 . 51 and K^, jS as in Lemma IHTZl Suppose 
that we choose K* in order to have: 

We can then apply Lemma 18.101 to obtain \Bl\ — Tq. Using Lemma 18.71 we obtain \Bl\ < 

1-2-^ < {1-2- ^) ■ Therefore, if p is chosen smaller than ^(1 — 2^*^) -j^^ we would 

obtain a contradiction, whence the result follows. ■ 
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